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Abstract
We propose a methodology for automatic generation of
divide-and-conquer parallel implementations of sequential
nested loops. We focus on a class of loops that traverse read-
only multidimensional collections (lists or arrays) and com-
pute a function over these collections. Our approach ismodu-
lar, in that, the inner loop nest is abstracted away to produce
a simpler loop nest for parallelization. Then, the summarized
version of the loop nest is parallelized. The main challenge
addressed by this paper is that to perform the code transfor-
mations necessary in each step, the loop nest may have to be
augmented (automatically) with extra computation to make
possible the abstraction and/or the parallelization tasks. We
present theoretical results to justify the correctness of our
modular approach, and algorithmic solutions for automa-
tion. Experimental results demonstrate that our approach
can parallelize highly non-trivial loop nests efficiently.
Keywords Divide and Conquer Parallelism, Program Syn-
thesis, Homomorphisms
1 Introduction
The advent of multicore computers and development of APIs
like OpenMP [11], CUDA [31], and TBB [33] has increased
the popularity of parallel programming for performance
gains. Despite big advances in parallelizing compilers, cor-
rect and efficient parallel code is often hand-crafted through
a time-consuming and error-prone process. These APIs im-
plement commonly used parallel programming skeletons that
ease the task of parallel programming. Instead of writing a
parallel program from scratch, a programmer needs to only
specify the key components of a particular skeleton. Divide-
and-conquer parallelism is the most commonly used of such
skeletons for which the programmer has to specify a split,
a work, and a join function. We propose a methodology to
automatically generate these components.
This is the extended version of PLDI 2019 paper by the same authors which
includes the proofs of theorems and additional details.
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We focus on a class of divide-and-conquer parallel pro-
grams that operate on multidimensional sequences (e.g. mul-
tidimensional arrays, or in general any collection type with
similar recursive structure) in which the divide (split) op-
erator is assumed to be the inverse of the default sequence
concatenation operator (i.e. divide s into s1 and s2 where
s = s1 • s2). Our input programs are loop nests that traverse
the multidimensional data in accordance with their recursive
structure. These programs are assumed to have fundamen-
tally unbreakable data flow dependencies.
Consider the code in Figure 1(a), that implements a se-
quential solution to the problem of computing, for a three
dimensional n ×m × ℓ array A (with both positive and nega-
tive elements), the sum of the elements of a subarrayA[k ..n−
1, 0..m − 1, 0..ℓ − 1] (for all 0 ≤ k < n) which has the maxi-
mum sum compared to all other such subarrays. Intuitively,
considering the array as a 3D box with height n, the goal is to
int max_bot_box_sum = 0;
for (i = 0; i < n; i++) {
int plane_sum = 0;
for (j = 0; j < m; j++) {
for (k = 0; k < l; k ++)
{ plane_sum += A[i][j][k]; } }
max_bot_box_sum =
max(max_bot_box_sum + plane_sum, 0);
}
(a)
int max_bot_box_sum = 0;
int aux_sum = 0
for (i = 0; i < n; i++) {
int plane_sum = 0;
for (j = 0; j < m; j++) {
for (k = 0; k < l; k ++) {
{plane_sum += A[i][j][k];} }
aux_sum = aux_sum + plane_sum;
max_bot_box_sum =
max(max_bot_box_sum + plane_sum, 0);
}
(b)
aux_sum = aux_sum_l + aux_sum_r;
max_bot_box_sum = max(max_bot_box_sum_r,
aux_sum_r + max_bot_box_sum_l);
(c)
Figure 1. Maximum bottom box sum.
discover themax-
imum sum of
boxes of differ-
ent heights, with
the same width,
length and bot-
tom as the input
box.
Note that this
optimal sequen-
tial implementa-
tion runs in sin-
gle pass linear
time over the in-
put 3D array, at
the cost of creat-
ing unbreakable
loop dependen-
cies. A less efficient solution that would enumerate all boxes
would have been easier to parallelize.
It is easy to observe that the code is not (divide-and-
conquer) parallelizable. Let us assume it is. There then exists
a binary function ⊙ that can combine results of two instances
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of the code (mbbs) run on two adjacent boxes to produce the
same results for the concatenated box.
mbbs
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Let b = [5] (a 1 × 1 × 1 box) and consider two choices
for b ′, namely [−3, 3] and [0, 3] (2 × 1 × 1 boxes). Although
mbbs(b ′) is 3 in both cases, the join needs to produce two
different answers formbbs(b • b ′).
Nonexistence of the join operator indicates thatmbbs , the
function computed by the loop, is not a homomorphism. Now,
consider the modified code illustrated in Figure 1(b). A new
accumulator aux_sum is added (in orange), which maintains
the sum of the elements inA[0..i − 1, 0..m− 1, 0..ℓ− 1] at the
I O
O ⇥A
loop
sequential
parallelizable
projectionloop
i-th iteration of the outer loop. Note that
mbbs(b) is producing a pair of integers
now, instead of a single integer. This ex-
tending of a function’s signature is called
lifting, in the standard sense of lifting a
morphism in category theory, and is il-
lustrated on the right. (I ,O) denotes the input and output
of the original sequential loop, and a lifting of the code ad-
ditionally computes auxiliary information denoted by A. If
the lifted function is a homomorphism, then a parallel join
exists for it. Figure 1(c) illustrates the parallel join for the
lifted maximum bottom box code.
1.1 Modular Parallelization
Figure 2(a) illustrates the flow of data in a generic nested loop
(of arbitrary depth), where si denotes the state of the loop
nest (e.g. a tuple of program variables). The black arrows
correspond to the computation of one instance of the body
of outermost loop, while the blue arrows correspond to the
computation of one instance of the inner loop nest.
The goal is to parallelize, divide-and-conquer style, the
outermost loop with the assumption that the dependencies
are unbreakable.
In [12] we proposed a semantic solution to this problem
for simple (non-nested) loops by lifting their computations
to homomorphisms. To generalize such a semantic solution
to nested loops, one comes across the very hard problem of
computing a semantic summary of the functionality of the
inner loop nest, to be used in the analysis of the outer loop.
Despite big strides in program analysis techniques [10, 19],
this type of semantic summary computation remains limited
to classes of loops whose invariants (summaries) are within
decidable theories, and even then, mostly proof-driven rather
than summarizing full functionality.
We propose a methodology that circumvents this problem
through a modular solution. We divide the dependencies in
Figure 2(a) into two categories and resolve them separately.
The black arrows force every instance of the inner loop nest
to be executed only after the results of all previous instances
are ready. Contrast this with the diagram in Figure 2(b),
where each instance of the inner loop nest starts from a fixed
...
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Figure 2. Dependencies in a general sequential nested loop
(a) vs. a memoryless one (b), which is summarized in (c).
(constant) initial state /0, and therefore, all instances can be
run in parallel. The sequential binary operator ⊚ merges the
results of the inner loop nest (ti ) with the current state of the
outermost loop (si ) and makes the required adjustments (to
get si+1). We call such a loop nest memoryless. The terminol-
ogy is inspired by the fact that all the instances of the inner
loop nest implement the same function (that starts from the
same initial state /0). If a general loop nest is transformed to
a memoryless one through the introduction of new compu-
tation (i.e. ⊚), then this results in the removal of the black
arrow dependencies. The inner loop nest can be executed
by a parallel map. The outermost loop remains sequential.
Observe that the loop in Figure 1(a) is memoryless.
Transforming a general loop to a memoryless one is not
always straightforward. Due to lack of information in the
loop state, no such binary function (operator) ⊚may exist. In
these cases, one needs to deduce additional information to be
computed by the inner loop nest to facilitate the existence of
⊚, that is, the inner loop nest has to be lifted. Transforming
a general loop to a memoryless one involves solving two
subproblems: (i) producing an implementation for ⊚, and (ii)
discovery of auxiliary computation when such an operator
does not exist. Solving these two problems are two of our
key contributions (Sections 7.2 and 5.3).
When the loop is memoryless, the inner loop nest can be
abstracted away to get a summarized (potentially simpler)
loop. As shown in Figure 2(c), the results of the computa-
tions of the inner loop nest are assumed to be stored in
a (conceptual) array (called inner_loop[]), and therefore
the loop nest is removed. The summarized loop fetches the
results from inner_loop[] to perform its computation. Any
int max_bot_box_sum = 0;
for (i = 0; i < n; i++) {
max_bot_box_sum =
max(max_bot_box_sum
+ inner_loop[i], 0);
}
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memoryless loop can be sum-
marized this way. For exam-
ple, the 3-nested loop of Fig-
ure 1(a) is summarized to a
single loop (illustrated on the
right).
The crucial observation is that the summarized loop is
efficiently parallelizable if and only if the original one is (The-
orems 4.7 and 5.3). Therefore, the problem of parallelizing
the original loop is soundly and completely reducible to the
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problems of (i) producing the summarized loop, and (ii) par-
allelizing it. Summarization can substantially simplify the
parallelization task. For example, the approach in [12] can
parallelize the summarized loop above while it is not appli-
cable to the original loop in Figure 1(a).
Summarization, however, does not always yield a non-
nested loop like the one above, and therefore, the approach
in [12] cannot always parallelize a summarized loop.
To parallelize the summarized loop, two subproblems have
to be solved: (a) Automatic lifting of nested loops to paral-
lelizable code, and (b) automatic generation of the parallel
join for nested loops. Problem (b) is easier to solve. In Section
7, we build on our technique from [12] to extend it to nested
loops. The lifting problem is more complex. We solve it by
reducing it to two well-known problems, namely normal-
ization (in term rewriting systems) and recursion discovery.
In section 8, we discuss the reduction and propose simple
heuristics for both problems. Our modular parallelization
methodology comprises theoretical results and algorithms
for generating all required additional code. Figure 11 outlines
the applications of the theorems and the contributed algo-
rithmic modules, and therefore, serves as detailed summary
of our technical contributions. Due to the undecidability of
the problem, some of our algorithms are heuristics. We pro-
vide experimental results to demonstrate the effectiveness
of these heuristics in fully automatically and efficiently pro-
ducing divide-and-conquer parallelizations for some highly
nontrivial nested loops. Beyond facilitating full automation,
we believe that our methodology is also a systematic ap-
proach that can guide programmers in writing correct and
efficient parallel code manually.
2 Motivating Examples
We use two difficult-to-parallelize examples to underline the
challenges of parallelizing the class of nested loops targeted
in this paper and outline the strengths of our methodology.
2.1 Balanced Parentheses
This example demonstrates that transforming a nested loop
to a memoryless one can be complicated. A string is balanced
if the total number of left and right brackets match, and any
prefix of the string has at least as many left brackets as right
int offset, count_lines = 0; bool bal=true;
for(int i = 0; i < n; i++) {
int line_offset = 0;
for(int j = 0; j < length(a[i]); j++) {
line_offset += a[i][j] == "(" ? +1 : 0;
line_offset += a[i][j] == ")" ? -1 : 0;
if (offset + line_offset < 0)
{ bal = false; }
}
offset += line_offset;
if (bal && line_offset==0 && offset==0)
{ count_lines++; }
}
Figure 3. Balanced Parentheses.
ones. As-
sume that
the input
is a two-
dimensional
array con-
taining a
large brack-
eted math
expression,
one row per
int offset, count_lines = 0; bool bal = true;
for(int i = 0; i < n; i++) {
int line_offset, min_offset = 0; bool line_bal=true;
for(int j = 0; j < length(a[i]); j++) {
line_offset += a[i][j] == "(" ? +1 : 0;
line_offset += a[i][j] == ")" ? -1 : 0;
if (0 + line_offset < 0) {line_bal = false;}
min_offset = min(min_offset, line_offset);
}
offset += line_offset;
bal = bal && (offset + min_offset > 0);
if (bal && line_offset == 0 && offset == 0)
{ count_lines++; }
}
Figure 4.Memoryless balanced parentheses.
each line. A line l of input x is self-contained if we have
x = x1 · l · x2, where l and x1 are both balanced. The code
in Figure 3 counts the number of self-contained lines of its
input through a nontrivial algorithm. offset maintains the
excess of left over right brackets seen so far. bal tracks if
offset has always remained nonnegative.
We encourage the reader to manually parallelize the outer
loop to get a sense of the difficulty of this problem.
The loop is not memoryless; unbreakable dependencies on
bal and offset variables induce the black arrows from the
diagram in Figure 2(a). One cannot remove the dependency of
the update to bal on the value of offsetwithout having the
inner loop compute an extra value. Specifically, the minimum
value of line_offset, during the execution of the inner loop,
should be made available to the outer loop. If this does not
cause offset to dip below 0, then offset + line_offset
should have remained positive throughout the inner loop
execution, and therefore the value of bal can be recovered.
The code in Figure 4 illustrates the lifted code (modifications
are highlighted). The loop in Figure 4 is memoryless and can
be summarized as below.
int offset, count_lines = 0; bool bal = true;
for(int i = 0; i < n; i++) {
offset += inner_loop[i].line_offset;
bal &&= (offset + inner_loop[i].min_offset > 0);
if (bal && inner_loop[i].line_offset == 0 && offset == 0)
{ count_lines++; }
}
In Sections 5 and 8, we discuss how the min_offset accumu-
lator can be discovered automatically. Can the summarized
loop (above) be parallelized? No! The reader can verify that
a parallel join does not exist. Furthermore, the loop can-
not be efficiently lifted (theoretically impossible); that is, the
addition of more scalar accumulators will not transform it
to a homomorphism. The transformation of the loop to a
memoryless one parallelizes all instances of the inner loop
(implementable by a parallel map). But, the outer loop com-
putation cannot be efficiently turned into a parallel reduction.
Yet, the parallelization of the code through the discovery of
the map alone yields a reasonable speedup (Section 10).
PLDI’19, June 22–28, 2019, Phoenix, AZ, USA Azadeh Farzan and Victor Nicolet
}
removed inner loop
}
(a) (b) (c)
removed inner loop
int rec[];
for (i = 0; i < n; i++) {
int row_sum = 0;
for (j = 0; j < m; j++) {
row_sum += A[i][j];
rec[j] += row_sum;
mtl_rec = max(mtl_rec, rec[j]);
}
}
<latexit sh a1_base64="R4y1mxvp2Eq NGjETaZcDtCMuOQk=">AAA G63icjVVLb9tGEKZTVUnZR +L2mMsihgGnJgzKQdEAroA ECZJcArh1bAegCGG5HMor7 4PdXcYWCF7yF3ILci3Qa3v pb+m/yZCiDNMS7IwOHO183 zyXwyQX3Low/H/t1le9r/u 373zjf/vd9z/cvbf+45HVh WFwyLTQ5m1CLQiu4NBxJ+B tboDKRMBxcvqsth+/A2O5V m/cLIdY0oniGWfU4dF4vX d/cySsE5qmgqpJQSdgy+jg hJo8fhbsU8uoqPwGY8GVGT cIxljD3UDQVv0lWFCHZT5n VP6CcWF6mtLAJ1eEoROrsw yRw3DZjJVxZt1MwHDkXEYl F7NRgmjDwS7DT2F2pk3aEp rmlIkooLogL3OsM1xNOhQD 6XUMpqUE5TqUiQFQ15GkNt ASh5GIo5aH08ATWsXlaKO6 vj2DgKz0uih6WFr4M+DKrf CzqjEvkGvdyybxFa4vh969 MbQAKWmAk2cB0sC4AJQtME Ag6XkgufrCpP6A9IhrAe6 mlB7dmNIrLfFn8hNu5UEhv zCBYy7SA2foWQLGzG7KIvT xoicw4aqsXyJ8XfEuVT4Og eC4o3jPz7QhW5wMSbhHOPm NKHxsbz8kZe23wemzsS1kg 6jPGsJ0TpgiQeLjgoCywG8 PydOIx9E03lvkWIecxrWlB e21BunEGI3oFKex1f4LWvz DBlXVlYBKO3WM722EO2EjZ FkZtMqG18r+eH3tv1GqWVF f86ZP0SDMXVxS4zgTgCEKC zllp3jtI1QVlWDjsml9RT bxJG0akGnsTHN6mVFSae1M JoiU1J3Yq7b6cJUtKlz2OC 65ygsHis0DZYUgTpN6J5KU YyucmKFCmeGYK2G4ASlzuD k7UdrW2G4l6Tue27aW83kx Pu7MSzyumFZWC4rvetcU1f sS0rh8DlN6VBxQZV9rpasu 6M0gLuum1On7nYwYfgk4mG 5CXfjmyICCs3r9UJX+jFsq hYwWwpXu3LmK+Cg46sHVwS 4rR7s7g3Bn8PvuxpPH7dDv ePe9B96WN/B+9Z54r7x979 Bjvfe9v3v/9P7ty/6H/sf +pzn01lrL+cnrSP+vz1r3I dc=</latexit><latexit sh a1_base64="R4y1mxvp2Eq NGjETaZcDtCMuOQk=">AAA G63icjVVLb9tGEKZTVUnZR +L2mMsihgGnJgzKQdEAroA ECZJcArh1bAegCGG5HMor7 4PdXcYWCF7yF3ILci3Qa3v pb+m/yZCiDNMS7IwOHO183 zyXwyQX3Low/H/t1le9r/u 373zjf/vd9z/cvbf+45HVh WFwyLTQ5m1CLQiu4NBxJ+B tboDKRMBxcvqsth+/A2O5V m/cLIdY0oniGWfU4dF4vX d/cySsE5qmgqpJQSdgy+jg hJo8fhbsU8uoqPwGY8GVGT cIxljD3UDQVv0lWFCHZT5n VP6CcWF6mtLAJ1eEoROrsw yRw3DZjJVxZt1MwHDkXEYl F7NRgmjDwS7DT2F2pk3aEp rmlIkooLogL3OsM1xNOhQD 6XUMpqUE5TqUiQFQ15GkNt ASh5GIo5aH08ATWsXlaKO6 vj2DgKz0uih6WFr4M+DKrf CzqjEvkGvdyybxFa4vh969 MbQAKWmAk2cB0sC4AJQtME Ag6XkgufrCpP6A9IhrAe6 mlB7dmNIrLfFn8hNu5UEhv zCBYy7SA2foWQLGzG7KIvT xoicw4aqsXyJ8XfEuVT4Og eC4o3jPz7QhW5wMSbhHOPm NKHxsbz8kZe23wemzsS1kg 6jPGsJ0TpgiQeLjgoCywG8 PydOIx9E03lvkWIecxrWlB e21BunEGI3oFKex1f4LWvz DBlXVlYBKO3WM722EO2EjZ FkZtMqG18r+eH3tv1GqWVF f86ZP0SDMXVxS4zgTgCEKC zllp3jtI1QVlWDjsml9RT bxJG0akGnsTHN6mVFSae1M JoiU1J3Yq7b6cJUtKlz2OC 65ygsHis0DZYUgTpN6J5KU YyucmKFCmeGYK2G4ASlzuD k7UdrW2G4l6Tue27aW83kx Pu7MSzyumFZWC4rvetcU1f sS0rh8DlN6VBxQZV9rpasu 6M0gLuum1On7nYwYfgk4mG 5CXfjmyICCs3r9UJX+jFsq hYwWwpXu3LmK+Cg46sHVwS 4rR7s7g3Bn8PvuxpPH7dDv ePe9B96WN/B+9Z54r7x979 Bjvfe9v3v/9P7ty/6H/sf +pzn01lrL+cnrSP+vz1r3I dc=</latexit><latexit sh a1_base64="R4y1mxvp2Eq NGjETaZcDtCMuOQk=">AAA G63icjVVLb9tGEKZTVUnZR +L2mMsihgGnJgzKQdEAroA ECZJcArh1bAegCGG5HMor7 4PdXcYWCF7yF3ILci3Qa3v pb+m/yZCiDNMS7IwOHO183 zyXwyQX3Low/H/t1le9r/u 373zjf/vd9z/cvbf+45HVh WFwyLTQ5m1CLQiu4NBxJ+B tboDKRMBxcvqsth+/A2O5V m/cLIdY0oniGWfU4dF4vX d/cySsE5qmgqpJQSdgy+jg hJo8fhbsU8uoqPwGY8GVGT cIxljD3UDQVv0lWFCHZT5n VP6CcWF6mtLAJ1eEoROrsw yRw3DZjJVxZt1MwHDkXEYl F7NRgmjDwS7DT2F2pk3aEp rmlIkooLogL3OsM1xNOhQD 6XUMpqUE5TqUiQFQ15GkNt ASh5GIo5aH08ATWsXlaKO6 vj2DgKz0uih6WFr4M+DKrf CzqjEvkGvdyybxFa4vh969 MbQAKWmAk2cB0sC4AJQtME Ag6XkgufrCpP6A9IhrAe6 mlB7dmNIrLfFn8hNu5UEhv zCBYy7SA2foWQLGzG7KIvT xoicw4aqsXyJ8XfEuVT4Og eC4o3jPz7QhW5wMSbhHOPm NKHxsbz8kZe23wemzsS1kg 6jPGsJ0TpgiQeLjgoCywG8 PydOIx9E03lvkWIecxrWlB e21BunEGI3oFKex1f4LWvz DBlXVlYBKO3WM722EO2EjZ FkZtMqG18r+eH3tv1GqWVF f86ZP0SDMXVxS4zgTgCEKC zllp3jtI1QVlWDjsml9RT bxJG0akGnsTHN6mVFSae1M JoiU1J3Yq7b6cJUtKlz2OC 65ygsHis0DZYUgTpN6J5KU YyucmKFCmeGYK2G4ASlzuD k7UdrW2G4l6Tue27aW83kx Pu7MSzyumFZWC4rvetcU1f sS0rh8DlN6VBxQZV9rpasu 6M0gLuum1On7nYwYfgk4mG 5CXfjmyICCs3r9UJX+jFsq hYwWwpXu3LmK+Cg46sHVwS 4rR7s7g3Bn8PvuxpPH7dDv ePe9B96WN/B+9Z54r7x979 Bjvfe9v3v/9P7ty/6H/sf +pzn01lrL+cnrSP+vz1r3I dc=</latexit><latexit sh a1_base64="R4y1mxvp2Eq NGjETaZcDtCMuOQk=">AAA G63icjVVLb9tGEKZTVUnZR +L2mMsihgGnJgzKQdEAroA ECZJcArh1bAegCGG5HMor7 4PdXcYWCF7yF3ILci3Qa3v pb+m/yZCiDNMS7IwOHO183 zyXwyQX3Low/H/t1le9r/u 373zjf/vd9z/cvbf+45HVh WFwyLTQ5m1CLQiu4NBxJ+B tboDKRMBxcvqsth+/A2O5V m/cLIdY0oniGWfU4dF4vX d/cySsE5qmgqpJQSdgy+jg hJo8fhbsU8uoqPwGY8GVGT cIxljD3UDQVv0lWFCHZT5n VP6CcWF6mtLAJ1eEoROrsw yRw3DZjJVxZt1MwHDkXEYl F7NRgmjDwS7DT2F2pk3aEp rmlIkooLogL3OsM1xNOhQD 6XUMpqUE5TqUiQFQ15GkNt ASh5GIo5aH08ATWsXlaKO6 vj2DgKz0uih6WFr4M+DKrf CzqjEvkGvdyybxFa4vh969 MbQAKWmAk2cB0sC4AJQtME Ag6XkgufrCpP6A9IhrAe6 mlB7dmNIrLfFn8hNu5UEhv zCBYy7SA2foWQLGzG7KIvT xoicw4aqsXyJ8XfEuVT4Og eC4o3jPz7QhW5wMSbhHOPm NKHxsbz8kZe23wemzsS1kg 6jPGsJ0TpgiQeLjgoCywG8 PydOIx9E03lvkWIecxrWlB e21BunEGI3oFKex1f4LWvz DBlXVlYBKO3WM722EO2EjZ FkZtMqG18r+eH3tv1GqWVF f86ZP0SDMXVxS4zgTgCEKC zllp3jtI1QVlWDjsml9RT bxJG0akGnsTHN6mVFSae1M JoiU1J3Yq7b6cJUtKlz2OC 65ygsHis0DZYUgTpN6J5KU YyucmKFCmeGYK2G4ASlzuD k7UdrW2G4l6Tue27aW83kx Pu7MSzyumFZWC4rvetcU1f sS0rh8DlN6VBxQZV9rpasu 6M0gLuum1On7nYwYfgk4mG 5CXfjmyICCs3r9UJX+jFsq hYwWwpXu3LmK+Cg46sHVwS 4rR7s7g3Bn8PvuxpPH7dDv ePe9B96WN/B+9Z54r7x979 Bjvfe9v3v/9P7ty/6H/sf +pzn01lrL+cnrSP+vz1r3I dc=</latexit>
int rec[];
int mtl_rec = 0;
for (i = 0; i < n; i++) {
// the loop implementing
for (j = 0; j < m; j++) {
rec[j] = rec[j] + inner_loop[i][j];
mtl_rec = max(mtl_rec, rec[j]);
}
}
<latexit sha1_base64="AYTPnwv9jMobeGgL4kYmLH PnoOs=">AAAG+nicjVXNbtRIEHZgdgDvDwSOXFobRQrECp4gBFIYCSlo4bJSdkMSJI81arfLk076x3S3SUbGD8Er cEN7ReK6+xj7Nlv2OGycGSX0HFyu+r76ddckueDWheG/S9eu937o37h5y//xp59/uX1n+e6+1YVhsMe00OZtQi0I rmDPcSfgbW6AykTAQXK8XdsP3oOxXKs3bppDLOlE8Ywz6lA1Xu49XB0J64SmqaBqUtAJ2DLaPaQmj7eDHWoZFZX fYCy4MuMGwRhruBkI2opPgjPqsMxnjMo/Y3wzbQc+uXAYurA6yxA3DOfNWBdn1k0FDEfOZVRyMR0liDYc7Dz8GKY n2qQtoWlNmYgCqm/keY51hqtJh2IgvYzBtJSgXIcyMXR6GUdqAy1vGIk4amk4CtTQKi5HK9Xl3RkEZKHXs5qHpYV 3AVdugZ9FffkNuda9MgCqWuD6fOjNK0MLkJIGOHYWIA2MC0DZAgMEkp4GkqvvTOpPSPe5FuCuSunxlSm91hJ/Jj /kVu4W8jsTOOAi3XWGniRgzPSqLEIfv/IEJlyV9Q3Cu4qfUuXjEAiOO4q3GlE6McZXMiThlp9pQ9Z4IxNOnhOFj/ X1B6T0MdKjR8QdAhFa54TLHLuKXwe6xLBobahHM+oRUiU+GuossSbTOuxRjJhWWCdcKTDj2mXEY1RtNbj/c8IBrb VvQct6UGOqujZQaaey8Z2VcCNsDpkXBq2w4rVnZ7y89HWUalbUhTSdiwZh7uKSGseZAAxRWMgpO8aLEKGoqAQbl 80wKrKKmrSpO9PYyEZ7nlFSae1UJoiU1B3ai7ZaucgWFS57Fpdc5YUDxWaBskIQp0m9IknKsRNOTFGgzHDMlTBci JQ5XKSdKG1rbLeS9D3PbVvL6awYH1foOR5XTCurBcXb3zVF9fqENC5fwhHdL3apsr9rpasu6M0gLuum1On7nYwY/ jFwMN2EuvDVkQEFJ/VCoip9iHsrhYwWwpXu1LmK+Hhw1IOLg50X9jc3BuHG4I/NlRfP2qHf9O57v3pr3sB76r3w Xns73p7Heh97X3t/9/7pf+h/6n/u/zWDXltqOfe8zul/+Q9pzijn</latexit><latexit sha1_base64="AYTPnwv9jMobeGgL4kYmLH PnoOs=">AAAG+nicjVXNbtRIEHZgdgDvDwSOXFobRQrECp4gBFIYCSlo4bJSdkMSJI81arfLk076x3S3SUbGD8Er cEN7ReK6+xj7Nlv2OGycGSX0HFyu+r76ddckueDWheG/S9eu937o37h5y//xp59/uX1n+e6+1YVhsMe00OZtQi0I rmDPcSfgbW6AykTAQXK8XdsP3oOxXKs3bppDLOlE8Ywz6lA1Xu49XB0J64SmqaBqUtAJ2DLaPaQmj7eDHWoZFZX fYCy4MuMGwRhruBkI2opPgjPqsMxnjMo/Y3wzbQc+uXAYurA6yxA3DOfNWBdn1k0FDEfOZVRyMR0liDYc7Dz8GKY n2qQtoWlNmYgCqm/keY51hqtJh2IgvYzBtJSgXIcyMXR6GUdqAy1vGIk4amk4CtTQKi5HK9Xl3RkEZKHXs5qHpYV 3AVdugZ9FffkNuda9MgCqWuD6fOjNK0MLkJIGOHYWIA2MC0DZAgMEkp4GkqvvTOpPSPe5FuCuSunxlSm91hJ/Jj /kVu4W8jsTOOAi3XWGniRgzPSqLEIfv/IEJlyV9Q3Cu4qfUuXjEAiOO4q3GlE6McZXMiThlp9pQ9Z4IxNOnhOFj/ X1B6T0MdKjR8QdAhFa54TLHLuKXwe6xLBobahHM+oRUiU+GuossSbTOuxRjJhWWCdcKTDj2mXEY1RtNbj/c8IBrb VvQct6UGOqujZQaaey8Z2VcCNsDpkXBq2w4rVnZ7y89HWUalbUhTSdiwZh7uKSGseZAAxRWMgpO8aLEKGoqAQbl 80wKrKKmrSpO9PYyEZ7nlFSae1UJoiU1B3ai7ZaucgWFS57Fpdc5YUDxWaBskIQp0m9IknKsRNOTFGgzHDMlTBci JQ5XKSdKG1rbLeS9D3PbVvL6awYH1foOR5XTCurBcXb3zVF9fqENC5fwhHdL3apsr9rpasu6M0gLuum1On7nYwY/ jFwMN2EuvDVkQEFJ/VCoip9iHsrhYwWwpXu1LmK+Hhw1IOLg50X9jc3BuHG4I/NlRfP2qHf9O57v3pr3sB76r3w Xns73p7Heh97X3t/9/7pf+h/6n/u/zWDXltqOfe8zul/+Q9pzijn</latexit><latexit sha1_base64="AYTPnwv9jMobeGgL4kYmLH PnoOs=">AAAG+nicjVXNbtRIEHZgdgDvDwSOXFobRQrECp4gBFIYCSlo4bJSdkMSJI81arfLk076x3S3SUbGD8Er cEN7ReK6+xj7Nlv2OGycGSX0HFyu+r76ddckueDWheG/S9eu937o37h5y//xp59/uX1n+e6+1YVhsMe00OZtQi0I rmDPcSfgbW6AykTAQXK8XdsP3oOxXKs3bppDLOlE8Ywz6lA1Xu49XB0J64SmqaBqUtAJ2DLaPaQmj7eDHWoZFZX fYCy4MuMGwRhruBkI2opPgjPqsMxnjMo/Y3wzbQc+uXAYurA6yxA3DOfNWBdn1k0FDEfOZVRyMR0liDYc7Dz8GKY n2qQtoWlNmYgCqm/keY51hqtJh2IgvYzBtJSgXIcyMXR6GUdqAy1vGIk4amk4CtTQKi5HK9Xl3RkEZKHXs5qHpYV 3AVdugZ9FffkNuda9MgCqWuD6fOjNK0MLkJIGOHYWIA2MC0DZAgMEkp4GkqvvTOpPSPe5FuCuSunxlSm91hJ/Jj /kVu4W8jsTOOAi3XWGniRgzPSqLEIfv/IEJlyV9Q3Cu4qfUuXjEAiOO4q3GlE6McZXMiThlp9pQ9Z4IxNOnhOFj/ X1B6T0MdKjR8QdAhFa54TLHLuKXwe6xLBobahHM+oRUiU+GuossSbTOuxRjJhWWCdcKTDj2mXEY1RtNbj/c8IBrb VvQct6UGOqujZQaaey8Z2VcCNsDpkXBq2w4rVnZ7y89HWUalbUhTSdiwZh7uKSGseZAAxRWMgpO8aLEKGoqAQbl 80wKrKKmrSpO9PYyEZ7nlFSae1UJoiU1B3ai7ZaucgWFS57Fpdc5YUDxWaBskIQp0m9IknKsRNOTFGgzHDMlTBci JQ5XKSdKG1rbLeS9D3PbVvL6awYH1foOR5XTCurBcXb3zVF9fqENC5fwhHdL3apsr9rpasu6M0gLuum1On7nYwY/ jFwMN2EuvDVkQEFJ/VCoip9iHsrhYwWwpXu1LmK+Hhw1IOLg50X9jc3BuHG4I/NlRfP2qHf9O57v3pr3sB76r3w Xns73p7Heh97X3t/9/7pf+h/6n/u/zWDXltqOfe8zul/+Q9pzijn</latexit><latexit sha1_base64="AYTPnwv9jMobeGgL4kYmLH PnoOs=">AAAG+nicjVXNbtRIEHZgdgDvDwSOXFobRQrECp4gBFIYCSlo4bJSdkMSJI81arfLk076x3S3SUbGD8Er cEN7ReK6+xj7Nlv2OGycGSX0HFyu+r76ddckueDWheG/S9eu937o37h5y//xp59/uX1n+e6+1YVhsMe00OZtQi0I rmDPcSfgbW6AykTAQXK8XdsP3oOxXKs3bppDLOlE8Ywz6lA1Xu49XB0J64SmqaBqUtAJ2DLaPaQmj7eDHWoZFZX fYCy4MuMGwRhruBkI2opPgjPqsMxnjMo/Y3wzbQc+uXAYurA6yxA3DOfNWBdn1k0FDEfOZVRyMR0liDYc7Dz8GKY n2qQtoWlNmYgCqm/keY51hqtJh2IgvYzBtJSgXIcyMXR6GUdqAy1vGIk4amk4CtTQKi5HK9Xl3RkEZKHXs5qHpYV 3AVdugZ9FffkNuda9MgCqWuD6fOjNK0MLkJIGOHYWIA2MC0DZAgMEkp4GkqvvTOpPSPe5FuCuSunxlSm91hJ/Jj /kVu4W8jsTOOAi3XWGniRgzPSqLEIfv/IEJlyV9Q3Cu4qfUuXjEAiOO4q3GlE6McZXMiThlp9pQ9Z4IxNOnhOFj/ X1B6T0MdKjR8QdAhFa54TLHLuKXwe6xLBobahHM+oRUiU+GuossSbTOuxRjJhWWCdcKTDj2mXEY1RtNbj/c8IBrb VvQct6UGOqujZQaaey8Z2VcCNsDpkXBq2w4rVnZ7y89HWUalbUhTSdiwZh7uKSGseZAAxRWMgpO8aLEKGoqAQbl 80wKrKKmrSpO9PYyEZ7nlFSae1UJoiU1B3ai7ZaucgWFS57Fpdc5YUDxWaBskIQp0m9IknKsRNOTFGgzHDMlTBci JQ5XKSdKG1rbLeS9D3PbVvL6awYH1foOR5XTCurBcXb3zVF9fqENC5fwhHdL3apsr9rpasu6M0gLuum1On7nYwY/ jFwMN2EuvDVkQEFJ/VCoip9iHsrhYwWwpXu1LmK+Hhw1IOLg50X9jc3BuHG4I/NlRfP2qHf9O57v3pr3sB76r3w Xns73p7Heh97X3t/9/7pf+h/6n/u/zWDXltqOfe8zul/+Q9pzijn</latexit>
int rec[], max_rec[];
int mtl_rec = 0;
for (i = 0; i < n; i++) {
// the loop implementing
for (j = 0; j < m; j++) {
rec[j] = rec[j] + inner_loop[i][j];
max_rec[j] = max(max_rec[j], rec[j]);
mtl_rec = max(mtl_rec, rec[j]);
}
}
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Figure 5.Maximum top-left subarray sum (a), its summarized version (b), and the lifting to parallelizable code (c)
2.2 Maximum Top-Left Subarray Sum
This example demonstrates that parallelization of the outer
loopmay be nontrivial even after a successful summarization.
Consider a two-dimensional array of integers (with both
positive and negative) elements. Assume that the goal is to
compute the maximum sum of the elements of a subarray
A[0..k, 0..ℓ] for all 0 ≤ k < n and 0 ≤ ℓ < m, i.e. all subarrays
that include the top-left corner (0, 0).
The code in Figure 5(a) is a clever single-pass implemen-
tation of this function. Note that the inner loop has a state
(variable) rec[] that is the same size as the width of a row
(m). In rec[j], the loop maintains the sum of all elements
in the subarray A[0..i, 0..j]. The loop is not memoryless due
to the dependencies induced by both rec[] and mtl_rec.
Again, we encourage the reader to think about how they
would parallelize the code manually.
Figure 5(b) illustrates the memoryless and summarized
variation of the code. The transformation is straightforward,
but the summarized loop is still a 2-nested loop and not par-
allelizable (i.e. not a homomorphism); that is, the operator ⊚
from Figure 2(b) has to be implemented as a simple loop to
correctly update variables rec[] and mtl_rec. The transfor-
mation underlines a subtle point, namely that, the relevant
information from the input array is the sum values of the
subarrays starting from the (0, 0) and ending at (i, j), and not
the values of A[i][j]’s. This abstraction is a key to the simpli-
fication of the lifting of the outer loop to a homomorphism
for parallelization.
The code needs to be lifted as illustrated in Figure 5(c). A
new variable max_rec[] has to be introduced where each
cell max_rec[j] maintains the maximum value of rec[j]
(for 0 ≤ j < n). Discovery of such variables, that is arrays
of accumulators, is not required for parallelization of simple
loops [12]. The time complexity budget for a parallel join
operator of a simple loop is constant time, and therefore
int rec[] = rec_l[], max_rec[] = max_rec_l[];
int mtl_rec = mtl_rec_l;
for (j = 0; j < m; j++) {
rec[j] = rec[j] + rec_r[j];
max_rec[j] = max(max_rec[j], rec_l[j] + max_rec_r[j]);
mtl_rec = max(mtl_rec, max_rec[j]);
}
<latexit sha 1_base64="IdmM4Yn9PLSNl ZmKDr3wGzY13ak=">AAAHs XicjVXbbttGEKXTqErYW9w8 5mVRw4BTEwbltGgAV0CCFK1 fCrh1bKegCGW5HMor74XdX cYWCH5Xv6WP/ZMOKVo2LcHy 6oHDmTkzZ89yR0kuuHVh+O/ Go88e9z7vP3nqf/HlV19/8 2zz21OrC8PghGmhzYeEWhBc wYnjTsCH3ACViYCz5OJdHT/ 7BMZyrd67WQ6xpBPFM86oQ9 d48/F/2yNhndA0FVRNCjoB W0bH59Tk8bvgiFpGReU3ORZ cmXGDydhruB8I2po/BtfQYZ nPEZV/jViE3qY08MmdxbCI 1VmGmcNwOYw748y6mYDhyLm MSi5mowSzDQe7nH4Bs0tt0h bQiFMmooBqAV7GWGe4mnQg BtL7EExLCcp1IBMDoO4DSW2 gBQ4jEUctDk8DPbSKy9FWdb 88g4CsrHq96WFp4e+AK7eiz iphfkWsdb81xFeUvt16f21 rAVLSAE+eBQgD4wJQtsAGga RXgeTqgaT+hPSUawFuHaVXa ykdaok/k59zK48LicooMGO hdf5ALmdcpMfO0MsEjJmtI/ TDWkKoxBg/gqB9js3CEg9kp A1eJljHJPTx9iUw4aqsbzbO EPzAKx+/DILNopgMSdM0ig OkOKfQeBd0ovigSZdO1I46N LfG4sDPtCE7U/SFB2RKfiYS H7u7L0k5Z4LU6nrTtk1t7D b9DJoH/k3Hadty58YRtMQaz EImfH3ZAG/Y1Kj5W3CrHmZV vj8ClXY2Pn62Fe6FzSLLxq A1trx2HY03N/4ZpZoV9WVth I0GYe7ikhrHmQBUt7CQU3aB lzdCU1EJNi6bM6rINnpSUqu UadSw8d5GlFRaO5MJZkrqz u3dWO1cFYsKl72OS67ywoFi 80ZZIYjTpJ7sJOUogxMzNCg zHLkShnOcMofzv9OllcZ2d 5J+4rlt93I134yPk/8Wjium ldWC4sTqhqJ66kMal7/AlJ4 Wx1TZ37XSVTfp/SAua1Fq+ n6HEcP/Mw6mS6ibvj0yoOCy HqJUpd/jrE0ho4VwpbtyriI +Ljzqwd2DXTZO9/cG4d7gj/ 2tN6/bQ3/ivfC+83a8gfeT 98Y79I68E4/1Dnuqd9m76r/ q/9X/2E/mqY82Wsxzr7P6F/ 8DFCNk7w==</latexit><latexit sha 1_base64="IdmM4Yn9PLSNl ZmKDr3wGzY13ak=">AAAHs XicjVXbbttGEKXTqErYW9w8 5mVRw4BTEwbltGgAV0CCFK1 fCrh1bKegCGW5HMor74XdX cYWCH5Xv6WP/ZMOKVo2LcHy 6oHDmTkzZ89yR0kuuHVh+O/ Go88e9z7vP3nqf/HlV19/8 2zz21OrC8PghGmhzYeEWhBc wYnjTsCH3ACViYCz5OJdHT/ 7BMZyrd67WQ6xpBPFM86oQ9 d48/F/2yNhndA0FVRNCjoB W0bH59Tk8bvgiFpGReU3ORZ cmXGDydhruB8I2po/BtfQYZ nPEZV/jViE3qY08MmdxbCI 1VmGmcNwOYw748y6mYDhyLm MSi5mowSzDQe7nH4Bs0tt0h bQiFMmooBqAV7GWGe4mnQg BtL7EExLCcp1IBMDoO4DSW2 gBQ4jEUctDk8DPbSKy9FWdb 88g4CsrHq96WFp4e+AK7eiz iphfkWsdb81xFeUvt16f21 rAVLSAE+eBQgD4wJQtsAGga RXgeTqgaT+hPSUawFuHaVXa ykdaok/k59zK48LicooMGO hdf5ALmdcpMfO0MsEjJmtI/ TDWkKoxBg/gqB9js3CEg9kp A1eJljHJPTx9iUw4aqsbzbO EPzAKx+/DILNopgMSdM0ig OkOKfQeBd0ovigSZdO1I46N LfG4sDPtCE7U/SFB2RKfiYS H7u7L0k5Z4LU6nrTtk1t7D b9DJoH/k3Hadty58YRtMQaz EImfH3ZAG/Y1Kj5W3CrHmZV vj8ClXY2Pn62Fe6FzSLLxq A1trx2HY03N/4ZpZoV9WVth I0GYe7ikhrHmQBUt7CQU3aB lzdCU1EJNi6bM6rINnpSUqu UadSw8d5GlFRaO5MJZkrqz u3dWO1cFYsKl72OS67ywoFi 80ZZIYjTpJ7sJOUogxMzNCg zHLkShnOcMofzv9OllcZ2d 5J+4rlt93I134yPk/8Wjium ldWC4sTqhqJ66kMal7/AlJ4 Wx1TZ37XSVTfp/SAua1Fq+ n6HEcP/Mw6mS6ibvj0yoOCy HqJUpd/jrE0ho4VwpbtyriI +Ljzqwd2DXTZO9/cG4d7gj/ 2tN6/bQ3/ivfC+83a8gfeT 98Y79I68E4/1Dnuqd9m76r/ q/9X/2E/mqY82Wsxzr7P6F/ 8DFCNk7w==</latexit><latexit sha 1_base64="IdmM4Yn9PLSNl ZmKDr3wGzY13ak=">AAAHs XicjVXbbttGEKXTqErYW9w8 5mVRw4BTEwbltGgAV0CCFK1 fCrh1bKegCGW5HMor74XdX cYWCH5Xv6WP/ZMOKVo2LcHy 6oHDmTkzZ89yR0kuuHVh+O/ Go88e9z7vP3nqf/HlV19/8 2zz21OrC8PghGmhzYeEWhBc wYnjTsCH3ACViYCz5OJdHT/ 7BMZyrd67WQ6xpBPFM86oQ9 d48/F/2yNhndA0FVRNCjoB W0bH59Tk8bvgiFpGReU3ORZ cmXGDydhruB8I2po/BtfQYZ nPEZV/jViE3qY08MmdxbCI 1VmGmcNwOYw748y6mYDhyLm MSi5mowSzDQe7nH4Bs0tt0h bQiFMmooBqAV7GWGe4mnQg BtL7EExLCcp1IBMDoO4DSW2 gBQ4jEUctDk8DPbSKy9FWdb 88g4CsrHq96WFp4e+AK7eiz iphfkWsdb81xFeUvt16f21 rAVLSAE+eBQgD4wJQtsAGga RXgeTqgaT+hPSUawFuHaVXa ykdaok/k59zK48LicooMGO hdf5ALmdcpMfO0MsEjJmtI/ TDWkKoxBg/gqB9js3CEg9kp A1eJljHJPTx9iUw4aqsbzbO EPzAKx+/DILNopgMSdM0ig OkOKfQeBd0ovigSZdO1I46N LfG4sDPtCE7U/SFB2RKfiYS H7u7L0k5Z4LU6nrTtk1t7D b9DJoH/k3Hadty58YRtMQaz EImfH3ZAG/Y1Kj5W3CrHmZV vj8ClXY2Pn62Fe6FzSLLxq A1trx2HY03N/4ZpZoV9WVth I0GYe7ikhrHmQBUt7CQU3aB lzdCU1EJNi6bM6rINnpSUqu UadSw8d5GlFRaO5MJZkrqz u3dWO1cFYsKl72OS67ywoFi 80ZZIYjTpJ7sJOUogxMzNCg zHLkShnOcMofzv9OllcZ2d 5J+4rlt93I134yPk/8Wjium ldWC4sTqhqJ66kMal7/AlJ4 Wx1TZ37XSVTfp/SAua1Fq+ n6HEcP/Mw6mS6ibvj0yoOCy HqJUpd/jrE0ho4VwpbtyriI +Ljzqwd2DXTZO9/cG4d7gj/ 2tN6/bQ3/ivfC+83a8gfeT 98Y79I68E4/1Dnuqd9m76r/ q/9X/2E/mqY82Wsxzr7P6F/ 8DFCNk7w==</latexit><latexit sha 1_base64="IdmM4Yn9PLSNl ZmKDr3wGzY13ak=">AAAHs XicjVXbbttGEKXTqErYW9w8 5mVRw4BTEwbltGgAV0CCFK1 fCrh1bKegCGW5HMor74XdX cYWCH5Xv6WP/ZMOKVo2LcHy 6oHDmTkzZ89yR0kuuHVh+O/ Go88e9z7vP3nqf/HlV19/8 2zz21OrC8PghGmhzYeEWhBc wYnjTsCH3ACViYCz5OJdHT/ 7BMZyrd67WQ6xpBPFM86oQ9 d48/F/2yNhndA0FVRNCjoB W0bH59Tk8bvgiFpGReU3ORZ cmXGDydhruB8I2po/BtfQYZ nPEZV/jViE3qY08MmdxbCI 1VmGmcNwOYw748y6mYDhyLm MSi5mowSzDQe7nH4Bs0tt0h bQiFMmooBqAV7GWGe4mnQg BtL7EExLCcp1IBMDoO4DSW2 gBQ4jEUctDk8DPbSKy9FWdb 88g4CsrHq96WFp4e+AK7eiz iphfkWsdb81xFeUvt16f21 rAVLSAE+eBQgD4wJQtsAGga RXgeTqgaT+hPSUawFuHaVXa ykdaok/k59zK48LicooMGO hdf5ALmdcpMfO0MsEjJmtI/ TDWkKoxBg/gqB9js3CEg9kp A1eJljHJPTx9iUw4aqsbzbO EPzAKx+/DILNopgMSdM0ig OkOKfQeBd0ovigSZdO1I46N LfG4sDPtCE7U/SFB2RKfiYS H7u7L0k5Z4LU6nrTtk1t7D b9DJoH/k3Hadty58YRtMQaz EImfH3ZAG/Y1Kj5W3CrHmZV vj8ClXY2Pn62Fe6FzSLLxq A1trx2HY03N/4ZpZoV9WVth I0GYe7ikhrHmQBUt7CQU3aB lzdCU1EJNi6bM6rINnpSUqu UadSw8d5GlFRaO5MJZkrqz u3dWO1cFYsKl72OS67ywoFi 80ZZIYjTpJ7sJOUogxMzNCg zHLkShnOcMofzv9OllcZ2d 5J+4rlt93I134yPk/8Wjium ldWC4sTqhqJ66kMal7/AlJ4 Wx1TZ37XSVTfp/SAua1Fq+ n6HEcP/Mw6mS6ibvj0yoOCy HqJUpd/jrE0ho4VwpbtyriI +Ljzqwd2DXTZO9/cG4d7gj/ 2tN6/bQ3/ivfC+83a8gfeT 98Y79I68E4/1Dnuqd9m76r/ q/9X/2E/mqY82Wsxzr7P6F/ 8DFCNk7w==</latexit>
Figure 6. The parallel join for Figure5(c).
non-constant sized variables are pointless. For nested loops,
however, as this example demonstrates, they may be essen-
tial. In Section 8, we propose a new algorithm for discovering
liftings like this automatically.
Now, a parallel join operator can combine the value of
rec[] from the top thread and max_rec[] from the bottom
thread to account for subarrays that intersect two adjacent
array chunks, as illustrated in Figure 6. The two challenges
underlined by this example are (i) the synthesis problem of
a parallel join operator which is a looping computation, and
(ii) the discovery of auxiliary information for lifting which
is not constant-sized.
3 Notation and Background
This section introduces the notation used in the remainder
of the paper. While the formal work is based on studying
functions on sequences, the description of the algorithm
requires to define our inputs programs and a model for loop
bodies which can be translated to a functional form.
3.1 Sequences and Functions.
We assume a generic type Sc that refers to any scalar type
used in typical programming languages, such as int and
bool whenever the specific type is not important in the
context. Scalars are assumed to be of constant size, and con-
versely, any constant-size representable data type is assumed
to be scalar. Consequently, all operations on scalars are as-
sumed to have constant time complexity. Type S defines
the set of all sequences of elements of type Sc. For any se-
quence x , x[i] (for 0 ≤ i < |x |) denotes the element of the
sequence at index i , and x[i ..j] denotes the subsequence be-
tween indexes i and j (inclusive). The concatenation operator
• : S×S → S is defined over sequences in the standard way,
and is associative. The sequence type stands in for arrays,
lists, or any collection data type that admits a linear iterator
and an associative composition operator.
Definition 3.1. A function h : S → D is rightward iff there
exists a binary operator ⊕ : D × Sc → D such that for all
x ∈ S and a ∈ Sc, we have h(x • [a]) = h(x) ⊕ a.
Note that the notion of associativity for ⊕ is not well-defined,
since it is not a binary operation defined over a set (i.e. the
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two arguments to the operator have different types). A left-
ward function is defined analogously using the recursive
equation h([a] • x) = a ⊗ h(x).
Homomorphisms are a well-studied class of mathematical
functions. We are interested in a special class of homomor-
phisms, where the source structure is a set of sequences with
the standard concatenation operator.
Definition 3.2. A function h : S → D is ⊙-homomorphic
for binary operator ⊙ : D × D → D iff for all sequences
x ,y ∈ S we have h(x • y) = h(x) ⊙ h(y).
Note that ⊙ is necessarily associative since concatenation
is associative (over sequences). Moreover, h([]) (where [] is
the empty sequence) is the unit of ⊙, since [] is the unit of
concatenation. If ⊙ has no unit, thenh([]) is undefined. There
is formal connection between homomorphisms and divide-
and-conquer style parallelism, when the divide operator is
the inverse of concatenation:
Proposition 3.3. (from [16]) A function f is a homomor-
phism if and only if it can be written as a composition of a
map and a reduction.
In the context of this paper, parallelization is formally the
above transformation to a map and a reduction composition.
3.2 Model of a loop body
Our input programs are imperative whereas the representa-
tion of the loop nests for the theoretical results in this paper
and for algorithmic units is functional. The input program
is translated to nested systems of equations, which can eas-
ily be converted to a recursive functional form. Here, we
quickly outline the steps of this transformation and define
the program models at each stage.
Input programs Figure 7 presents the syntax of the input
sequential programs. We assume an imperative language
with basic constructs for branching and looping. Variables
are of scalar types int or bool and we can build nested
sequences from these types.
For readability in our paper, we use simple iterators and
integer indexes (instead of the generic i ∈ I). In principle,
any collection with an iterator and a split function that im-
plements the inverse of concatenation works. There has been
a lot of research on iteration spaces and iterators (e.g. [45] in
the context of translation validation and [24] in the context
of partitioning) that formalize complex traversals by abstract
iterators.
State and Input Variables Let Var be the set of all vari-
ables that appear in the loop nest. We partition Var into two
sets of variables: SVar denotes the set of state variableswhich
are those that appear on the left-hand side of an assignment
statement (anywhere, even outside the loop nest). IVar de-
notes the set of input variables and IVar = Var − SVar. Note
that state variables may be subscripted array accesses.
v ∈ LhVar ::= v ′[e] v ′ ∈ LhVar, e ∈ Exp
| x x ∈ Var
e ∈ Exp ::= e ◦ e ′ e, e ′ ∈ Exp
| e < e ′ e, e ′ ∈ Exp
| be ⋏ be ′ |¬be be,be ′ ∈ Exp
| v v ∈ LhVar
| if be then e else e ′
| k k ∈ Z,Q,R
| true | false
Program ::= c; c ′ c, c ′ ∈ Program
|v:=e v ∈ LhVar, e ∈ Exp
|if (e) {c⊤} else {c⊥} be ∈ Exp, c⊤, c⊥ ∈ Program
|for (i ∈ I) { c } i ∈ Iterator
Figure 7. Program Syntax . The binary ◦ operator represents any
arithmetic operation (+,−, ∗, /), < operator represents any com-
parator (<, ≤, >, ≥,=,,). I is an iteration domain, and ⋏ operator
represents any boolean operation (∧,∨).
E =
©­­­­­«
v1 = Exp1(SVar, IVar)
· · ·
(si1 , si2 , . . . , sip ) = for (j ∈ J) { E ′ }
· · ·
vq = Expq (SVar, IVar)
ª®®®®®¬
Figure 8. Nested systems of equations: E ′ is
nested in E.
Nested systems of equations A loop body is modelled by
a system of ordered recurrence equations, where each equa-
tion is either a simple equation or a loop equation. Given
state variables SVar = {s1, . . . , sq} and input variables IVar,
a simple equation is of the formvi = Expi (SVar, IVar)where
vi ∈ LhVar and the right hand side is a constant-time com-
putable expression of the input program (see Figure 7). A
loop equation is of the form of the middle line of Figure 8,
where {si1 , si2 , . . . , sip } are all the variables modified by the
loop body, j ∈ J is an arbitrary iterator, and E ′ is the body
of the nested loop.
The body of any loop in our input language can be trans-
lated to the system of recurrence equations defined above.
Conversion to a systemof equations Converting the body
of a loop nest to a system of ordered recurrence equations
(of the type outlined by Figure 8) is a process that involves a
transformation of the loop and conditional statements, and
a mapping of simple assignments (v:=e) to equations.
For a conditional statement if (e) {c⊤} else {c⊥} where e
is an expression of the input program and c⊤ and c⊥ are two
programs, we apply the conversion procedure recursively
to each of the programs, and obtain two systems of ordered
recurrence equations E⊤ and E⊥. For each variablevi that ap-
pears either in E⊤ or E⊥ on the left hand side of an equation,
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we add an equation of the form vi = e ? Exp⊤ : Exp⊥ in the
current system, where the expressions Exp⊤ and Exp⊥ are
the expressions on the right hand side of vi = . . . in E⊤ and
E⊥ respectively. If the equation assigning vi is not present
in one of the branches, the expression on the right hand side
is just the variable itself (the branch does not modify it).
For a loop for (i ∈ I) { c } where c is a program, we
apply the conversion procedure to c and obtain a system E ′.
In the parent system, we add the equation (si1 , si2 , . . . , siq ) =
for (i ∈ I) { E ′ } where (si1 , si2 , . . . , siq ) are the state vari-
ables modified by the body c . If only one cell of a collection
is assigned in the loop body c , we consider that the whole
collection has been modified.
Conversion to functional form Given a loop body in the
form of a system of ordered recurrence equations, one can
produce a function (implemented in a simple functional lan-
guage with let-bindings) by replacing each equation by a
binding and creating a recursive function for each of the
inner loops. We choose to represent arrays by lists, and an
assignment to a cell in the system of equations is translated
by binding a list where the corresponding element has been
modified.
4 Multidimensional Collections
Type Sn is inductively defined as the set of all n-dimensional
sequences (for n ≥ 1), with the base case of S0 = Sc (set of
scalars). We generalize the standard sequence concatenation
operator • to a family of operators • : Sn × Sn → Sn (for
all n ∈ N+). For any σ ∈ Sn−1, we have [σ ] ∈ Sn which is
an n-dimensional sequence with a single element σ .
4.1 Functions over Multidimensional Collections
In Section 3, we noted that loop nests are translated to func-
tional form. We use this functional form as the formal repre-
sentation for all of our theoretical results.
Definition 4.1. (Multidimensional Rightward) A function
f : Sn → D (n > 1) is rightward iff there exists a family of
rightward (or leftward) functionsG : D → (Sn−1 → D) and
an operator ⊗ : D × D → D such that for all σ ∈ Sn ,δ ∈
Sn−1, we have f (σ • [δ ]) = f (σ ) ⊗G(f (σ ))(δ ).
The base case of n = 1 falls on the classic Definition
3.1. A rightward function’s computation is illustrated in the
diagram in Figure 2(a). Note that the value of f (σ ) (as the
selector in the family of functions) serves as a type of carry
over state and corresponds to the data flow represented by
the black arrows in Figure 2(a). The family of functions can
be viewed as only differing in their recursion base case.
When f corresponds to a loop nest, the family of right-
ward functionsG represents all the instances of the inner
loop nest (in isolation from the outermost loop) and the op-
erator ⊗ represents the (loop free) computation performed
in the body of the outer loop. The domain D corresponds to
all valuations of the state variables (SVar) of the loop nest.
A special case of Definition 4.1 is when the family of func-
tions collapses into exactly one function, which corresponds
to memoryless loops as introduced in Section 1.1. We can
formally define memoryless functions by removing the de-
pendency on the context as follows:
Definition 4.2. (Memoryless) A function f : Sn → D
is (rightward) memoryless iff there exists a rightward (or
leftward) function д : Sn−1 → D and a binary operator
⊕ : D × D → D such that for all σ ∈ Sn ,δ ∈ Sn−1 we have
f (σ • [δ ]) = f (σ ) ⊕ д(δ ).
The key difference between the formulation in Definition
4.1, and that of Definition 4.2 is the computation performed
over δ (i.e. function д) has no dependency on the partially
computed value of f (σ ); hence the use of terminology mem-
oryless. Figure 2(b) illustrates the computation of a memory-
less function. As the example in Section 2.1 demonstrated,
not all rightward functions are memoryless.
Proposition 4.3. For every rightward memoryless function
f (from Definition 4.2), we have f (σ ) = foldl(⊕) ◦map(д)(σ ).
The proof of the above proposition is straightforward. It
suggests that all instances of д (the inner loop nest) can be
parallelized, through the map, even if their results have to
be combined sequentially in the outermost loop with foldl.
4.2 Multidimensional Homomorphisms
Definition 3.2 applies to multidimensional rightward func-
tions in a straightforward way. Function h : Sn → D is ⊙-
homomorphic for the binary operator ⊙ : D × D → D iff for
all sequencesσ ,σ ′ ∈ Sn , we haveh(σ•σ ′) = h(σ )⊙h(σ ′). An
interesting link exists between the structure of a multidimen-
sional rightward function and its homomorphic properties,
which is captured by the proposition below:
Proposition 4.4. If a function h : Sn → D is a homomor-
phism, then it is memoryless.
Proof. Since h is ⊙-homomorphic, for all sequences σ ,σ ′ ∈
Sn we have:
h(σ • σ ′) = h(σ ) ⊙ h(σ ′)
and therefore, more specifically, for all σ ∈ Sn and δ ∈ Sn−1
we have:
h(σ • [δ ]) = h(σ ) ⊙ h([δ ])
. Now, let д : Sn−1 → D ′ be defined so that д(δ ) = h([δ ])
and let ⊕ = ⊙ in Definition 4.2; we can conclude that h is
memoryless. □
The converse of Proposition 4.4 does not hold.
Example 4.5. Recall the maximum bottom box example
from Section 1. The function corresponding to Figure 1 is
memoryless, but as discussed, not a homomorphism.
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For a memoryless function to be a homomorphism, an
extra condition is required which is outlined below.
Proposition 4.6. If a function f : Sn → D is (rightward)
memoryless and defined by function д and binary operator ⊕
(of Definition 4.2), and if the function h : SD → D defined as
h([]) = f ([])
∀a ∈ D : h(x • [a]) = h(x) ⊕ a
is ⊙-homomorphic for some binary operator ⊙ : D × D →
D, then f is ⊙-homomorphic. We refer to function h as the
summarized version of f .
Function h corresponds to the concept of a summarized
loop as introduced in Section 1.1. In fact, we can prove that
the sufficient conditions in Proposition 4.6 are also necessary.
Theorem 4.7. The following two statements are equivalent:
1. Multidimensional rightward function f is ⊙-homomorphic
for some binary operator ⊙ : D × D → D.
2. f is memoryless and function h : SD → D, the sum-
marized version of f (see Prop. 4.6) is ⊙-homomorphic.
Proof. ⇒: By Proposition 4.4, we can conclude that f is
memoryless. Let x ,y ∈ SD , y = y1 • . . . •yk , yi = д(δi )
for some δi ∈ Sn−1, x = x1 • . . . • xm , and xi = д(γi )
for some γi ∈ Sn−1.
h(x • y) = h(x • [y1 . . .yk ])
= h(x • [y1 . . .yk−1]) ⊕ yk
= (h(x • [y1 . . .yk−2]) ⊕ yk−1) ⊕ yk
= . . .
= (. . . (h(x) ⊕ y1) ⊕ . . . ) ⊕ yk
= . . .
= (. . . (h([]) ⊕ x1) ⊕ . . . ) ⊕ yk
= (. . . (f ([]) ⊕ д(γ1)) ⊕ . . . ) ⊕ д(δk )
= . . .
= f (γ1 • . . . • γm • δ1 • . . . δk )
= f (γ1 • . . . • γm) ⊙ f (δ1 • . . . δk )
= . . .
= h(x) ⊙ h(y)
⇒: Let σ = γ1 • . . . •γm , σ ′ = δ1 • . . . δk , y = y1 • . . . •yk ,
yi = д(δi ), x = x1 • . . . • xm , and xi = д(γi ).
f (σ • σ ′) = f (γ1 • . . . • γm • delta1 • . . .deltak )
= . . .
= (. . . (f ([]) ⊕ д(γ1)) ⊕ . . . ) ⊕ д(δk )
= (. . . (h([]) ⊕ x1) ⊕ . . . ) ⊕ yk
= . . .
= h(x • y)
= h(x) ⊙ h(y)
= . . .
= f (γ1 • . . . • γm) ⊙ f (δ1 • . . . δk )
= f (σ ) ⊙ f (σ ′)
□
Theorem 4.7 states the necessary and sufficient condi-
tions for a recursive function to be parallelizable. For one-
dimensional sequences, the statement becomes trivial when
the summarized version of the function and the function
itself coincide.
The condition of memorylessness captures the essence of
modularity of our approach. Instead of determining paral-
lelizability of f through a direct discovery of a join (⊙) for
f , Theorem 4.7 lets us check if f is memoryless first, and
then discover a join for a simplified (summarized) version of
f (i.e h). Recall the diagram in Figure 2(b). Memorylessness
of f corresponds to the existence of the map part a paral-
lel computation of f . Parallelizability of h corresponds to
the existence of the reduction part of a parallelizaiton of f .
The combination of the existence of both the map and the
reduction is equivalent to f being homomorphic (according
to Proposition 3.3). Theorem 4.7 makes this formal.
5 Manufacturing Homomorphisms
If a function is not a homomorphism, then the first step to
parallelization is to lift it to a homomorphism.
Definition 5.1. (Lifting) Let f : Sn → D be a rightward
multidimensional function. fˆ D′ : Sn → D × D ′ is a lifting
of f if and only if fˆ D′ is rightward and f = πD ◦ fˆ D′ , where
πD is the standard projection down to D.
This definition is mostly consistent with the standard defi-
nition of lifting in category theory, other than the additional
condition of rightward computability of the extension.
Two types of liftings of a non-homomorphic function f are
of interest in this paper: (1) a lifting of a non-memoryless f to
a memoryless function; we call this the memoryless lift, and
(2) a lifting of a non-homomorphic f to a homomorphism;
this is called a homomorphism lift.
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5.1 Homomorphism Lift
Every non-homomorphic function can be made homomor-
phic by a rather trivial lifting. The observation, previously
made in [18], is formalized below:
Proposition 5.2. Given a rightward function f : Sn → D,
the function f × ι (function product) is a homomorphism where
ι : Sn → Sn is the identity function.
Intuitively, the extension to the function remembers the
entire input, and the join performs the original computa-
tion over the concatenated inputs from scratch, ignoring the
partially computed results.
Proof. It is straightforward to see that f ×ι is a⊚-homomorphic
with the join operator ⊚ : (D × Sn) × (D × Sn) → D × Sn
which is defined as
∀a,b ∈ D,σ ,σ ′ ∈ Sn : (a,σ ) ⊚ (b,σ ′) = (f (σ • σ ′),σ • σ ′)
since
f × ι(σ • σ ′) = (f (σ • σ ′),σ • σ ′)
= (f (σ ),σ ) ⊚ (f (σ ′),σ ′) = f × ι(σ ) ⊚ f × ι(σ ′)
□
Note that this trivial lifting does not really correspond to a
parallelization of the function. Formally, it provides us with
an associative reduction (hence the applicability of Proposi-
tion 3.3). Practically, it is analogous to a sequential computa-
tion. Proposition 5.2 is trivial but significant in that it states
that a function can always be made homomorphic. It is then
important to seek an efficient lifting of a non-homomorphic
function to a homomorphism for the purpose of code paral-
lelization. In Section 6.1, we formulate efficient liftings.
Here, we state a result which parallels Theorem 4.7, pro-
vides the theoretical guarantee that it is sound and complete
to use the summarized loop for lifting instead of the original.
Consider the diagram below:
f : Sn ! D h : SD ! Dsummarize
lift
summarize
liftbf : Sn ! D ⇥D0
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bh : SD ! D ⇥D0<latexit sha1_base64="kkANPnNWAPHb3I0+jEtm+rPjV3M=" >AAACE3icbVDLSsNAFJ3UV62vqEs3g0UUFyURQXFVtAuXFe0DmhAmk0kzdPJgZqKUkH9w46+4caGIWzfu/BsnbRbaemGGwzn3cu85b sKokIbxrVUWFpeWV6qrtbX1jc0tfXunK+KUY9LBMYt530WCMBqRjqSSkX7CCQpdRnru6KrQe/eECxpHd3KcEDtEw4j6FCOpKEc/th6 oRwIksyC/gFaIZIARy25zpwUtGcPipyERsHXo6HWjYUwKzgOzBHVQVtvRvywvxmlIIokZEmJgGom0M8QlxYzkNSsVJEF4hIZkoGCE 1B47m3jK4YFiPOjHXL1Iwgn7eyJDoRDj0FWdxdFiVivI/7RBKv1zO6NRkkoS4ekiP2VQmS0Cgh7lBEs2VgBhTtWtEAeIIyxVjDUVgj lreR50Txqm0TBvTuvNyzKOKtgD++AImOAMNME1aIMOwOARPINX8KY9aS/au/Yxba1o5cwu+FPa5w+xmJ1b</latexit><latexit sha1_base64="kkANPnNWAPHb3I0+jEtm+rPjV3M=" >AAACE3icbVDLSsNAFJ3UV62vqEs3g0UUFyURQXFVtAuXFe0DmhAmk0kzdPJgZqKUkH9w46+4caGIWzfu/BsnbRbaemGGwzn3cu85b sKokIbxrVUWFpeWV6qrtbX1jc0tfXunK+KUY9LBMYt530WCMBqRjqSSkX7CCQpdRnru6KrQe/eECxpHd3KcEDtEw4j6FCOpKEc/th6 oRwIksyC/gFaIZIARy25zpwUtGcPipyERsHXo6HWjYUwKzgOzBHVQVtvRvywvxmlIIokZEmJgGom0M8QlxYzkNSsVJEF4hIZkoGCE 1B47m3jK4YFiPOjHXL1Iwgn7eyJDoRDj0FWdxdFiVivI/7RBKv1zO6NRkkoS4ekiP2VQmS0Cgh7lBEs2VgBhTtWtEAeIIyxVjDUVgj lreR50Txqm0TBvTuvNyzKOKtgD++AImOAMNME1aIMOwOARPINX8KY9aS/au/Yxba1o5cwu+FPa5w+xmJ1b</latexit><latexit sha1_base64="kkANPnNWAPHb3I0+jEtm+rPjV3M=" >AAACE3icbVDLSsNAFJ3UV62vqEs3g0UUFyURQXFVtAuXFe0DmhAmk0kzdPJgZqKUkH9w46+4caGIWzfu/BsnbRbaemGGwzn3cu85b sKokIbxrVUWFpeWV6qrtbX1jc0tfXunK+KUY9LBMYt530WCMBqRjqSSkX7CCQpdRnru6KrQe/eECxpHd3KcEDtEw4j6FCOpKEc/th6 oRwIksyC/gFaIZIARy25zpwUtGcPipyERsHXo6HWjYUwKzgOzBHVQVtvRvywvxmlIIokZEmJgGom0M8QlxYzkNSsVJEF4hIZkoGCE 1B47m3jK4YFiPOjHXL1Iwgn7eyJDoRDj0FWdxdFiVivI/7RBKv1zO6NRkkoS4ekiP2VQmS0Cgh7lBEs2VgBhTtWtEAeIIyxVjDUVgj lreR50Txqm0TBvTuvNyzKOKtgD++AImOAMNME1aIMOwOARPINX8KY9aS/au/Yxba1o5cwu+FPa5w+xmJ1b</latexit><latexit sha1_base64="kkANPnNWAPHb3I0+jEtm+rPjV3M=" >AAACE3icbVDLSsNAFJ3UV62vqEs3g0UUFyURQXFVtAuXFe0DmhAmk0kzdPJgZqKUkH9w46+4caGIWzfu/BsnbRbaemGGwzn3cu85b sKokIbxrVUWFpeWV6qrtbX1jc0tfXunK+KUY9LBMYt530WCMBqRjqSSkX7CCQpdRnru6KrQe/eECxpHd3KcEDtEw4j6FCOpKEc/th6 oRwIksyC/gFaIZIARy25zpwUtGcPipyERsHXo6HWjYUwKzgOzBHVQVtvRvywvxmlIIokZEmJgGom0M8QlxYzkNSsVJEF4hIZkoGCE 1B47m3jK4YFiPOjHXL1Iwgn7eyJDoRDj0FWdxdFiVivI/7RBKv1zO6NRkkoS4ekiP2VQmS0Cgh7lBEs2VgBhTtWtEAeIIyxVjDUVgj lreR50Txqm0TBvTuvNyzKOKtgD++AImOAMNME1aIMOwOARPINX8KY9aS/au/Yxba1o5cwu+FPa5w+xmJ1b</latexit>
h0 : SD⇥D0 ! D ⇥D0
<latexit sha1_base64="Y7lHjhpWc1MkeLB0hgti5eNS6iM=" >AAACFnicbVDLSsNAFJ34rPUVdelmsEjdWBIRFFdFu3BZ0T6gCWEynbRDJ5MwMxFKyFe48VfcuFDErbjzb5y0WdTWAwOHc+7lzjl+z KhUlvVjLC2vrK6tlzbKm1vbO7vm3n5bRonApIUjFomujyRhlJOWooqRbiwICn1GOv7oJvc7j0RIGvEHNY6JG6IBpwHFSGnJM0+H1Sv ohEgNMWLpfealDegoGhIJG9VM0wjOCJ5ZsWrWBHCR2AWpgAJNz/x2+hFOQsIVZkjKnm3Fyk2RUBQzkpWdRJIY4REakJ6mHOk7bjqJ lcFjrfRhEAn9uIITdXYjRaGU49DXk3kAOe/l4n9eL1HBpZtSHieKcDw9FCQM6rB5R7BPBcGKjTVBWFD9V4iHSCCsdJNlXYI9H3mRtM 9qtlWz784r9euijhI4BEfgBNjgAtTBLWiCFsDgCbyAN/BuPBuvxofxOR1dMoqdA/AHxtcvRRmdhw==</latexit><latexit sha1_base64="Y7lHjhpWc1MkeLB0hgti5eNS6iM=" >AAACFnicbVDLSsNAFJ34rPUVdelmsEjdWBIRFFdFu3BZ0T6gCWEynbRDJ5MwMxFKyFe48VfcuFDErbjzb5y0WdTWAwOHc+7lzjl+z KhUlvVjLC2vrK6tlzbKm1vbO7vm3n5bRonApIUjFomujyRhlJOWooqRbiwICn1GOv7oJvc7j0RIGvEHNY6JG6IBpwHFSGnJM0+H1Sv ohEgNMWLpfealDegoGhIJG9VM0wjOCJ5ZsWrWBHCR2AWpgAJNz/x2+hFOQsIVZkjKnm3Fyk2RUBQzkpWdRJIY4REakJ6mHOk7bjqJ lcFjrfRhEAn9uIITdXYjRaGU49DXk3kAOe/l4n9eL1HBpZtSHieKcDw9FCQM6rB5R7BPBcGKjTVBWFD9V4iHSCCsdJNlXYI9H3mRtM 9qtlWz784r9euijhI4BEfgBNjgAtTBLWiCFsDgCbyAN/BuPBuvxofxOR1dMoqdA/AHxtcvRRmdhw==</latexit><latexit sha1_base64="Y7lHjhpWc1MkeLB0hgti5eNS6iM=" >AAACFnicbVDLSsNAFJ34rPUVdelmsEjdWBIRFFdFu3BZ0T6gCWEynbRDJ5MwMxFKyFe48VfcuFDErbjzb5y0WdTWAwOHc+7lzjl+z KhUlvVjLC2vrK6tlzbKm1vbO7vm3n5bRonApIUjFomujyRhlJOWooqRbiwICn1GOv7oJvc7j0RIGvEHNY6JG6IBpwHFSGnJM0+H1Sv ohEgNMWLpfealDegoGhIJG9VM0wjOCJ5ZsWrWBHCR2AWpgAJNz/x2+hFOQsIVZkjKnm3Fyk2RUBQzkpWdRJIY4REakJ6mHOk7bjqJ lcFjrfRhEAn9uIITdXYjRaGU49DXk3kAOe/l4n9eL1HBpZtSHieKcDw9FCQM6rB5R7BPBcGKjTVBWFD9V4iHSCCsdJNlXYI9H3mRtM 9qtlWz784r9euijhI4BEfgBNjgAtTBLWiCFsDgCbyAN/BuPBuvxofxOR1dMoqdA/AHxtcvRRmdhw==</latexit><latexit sha1_base64="Y7lHjhpWc1MkeLB0hgti5eNS6iM=" >AAACFnicbVDLSsNAFJ34rPUVdelmsEjdWBIRFFdFu3BZ0T6gCWEynbRDJ5MwMxFKyFe48VfcuFDErbjzb5y0WdTWAwOHc+7lzjl+z KhUlvVjLC2vrK6tlzbKm1vbO7vm3n5bRonApIUjFomujyRhlJOWooqRbiwICn1GOv7oJvc7j0RIGvEHNY6JG6IBpwHFSGnJM0+H1Sv ohEgNMWLpfealDegoGhIJG9VM0wjOCJ5ZsWrWBHCR2AWpgAJNz/x2+hFOQsIVZkjKnm3Fyk2RUBQzkpWdRJIY4REakJ6mHOk7bjqJ lcFjrfRhEAn9uIITdXYjRaGU49DXk3kAOe/l4n9eL1HBpZtSHieKcDw9FCQM6rB5R7BPBcGKjTVBWFD9V4iHSCCsdJNlXYI9H3mRtM 9qtlWz784r9euijhI4BEfgBNjgAtTBLWiCFsDgCbyAN/BuPBuvxofxOR1dMoqdA/AHxtcvRRmdhw==</latexit>
f is summarized and then lifted on the top, whereas it is
first lifted and then summarized on the bottom part of the
diagram. Note that ĥ and h′ do not have the same function
signature; they agree on their ranges, but their domains are
sequences of two different types. Therefore, this is not a
clean commutative diagram. The key insight is that the two
functions are identical up to a limitation ofh′ that forgets the
extra information in its input sequences fromD ′; information
that is provably redundant for the computation of h′. The
diagram commutes after this restriction is applied to h′ to
get to ĥ.
The main ingredients of a lift, that is what the extra in-
formation D ′ is and how it should be computed, are both
discoverable through a lifting of the simple function h in
place of f .
Theorem 5.3. Let f : Sn → D be a (rightward) memoryless
function, and summarized as h : SD → D. There exists a
homomorphic lifting ĥ : SD → D ×D ′ of h if and only if there
exists a homomorphic lifting f̂ : Sn → D ×D ′ of f . Moreover,
ĥ coincides with a summarization of f̂ .
Additionally, the theorem guarantees that auxiliary code
synthesized for the summarized loop constitutes a lifting of
the original loop.
In order to give a proof of Theorem 5.3, we state and prove
each path in the diagram as a separate proposition, which
correspond to the if and the only if directions of Theorem
5.3.
Proposition 5.4. Let f : Sn → D be a rightward) memo-
ryless function defined by helper function д (from Definition
4.2), and let h : SD → D be its summarized version defined
through ⊕. If h can be lifted to a ⊙-homomorphic function
h′ : SD → D×D ′, then there exists a lifting f ′ : Sn → D×D ′
of f that is ⊙-homomorphic, and h is equivalent to the sum-
mary of f ′ up to the projection of its input sequence down to
domain D.
Proof. Assume there exists a lifting of h called h′ that is ⊙-
homomorphic. Then, for all sequences x ,y ∈ SD we have:
h′(x • y) = h′(x) ⊙ h′(y)
and therefore, more specifically, for all x ∈ SD and d ∈ D
we have:
h′(x • [d]) = h′(x) ⊙ h′([d])
.
Now, let д′ : Sn−1 → D × D ′ be defined so that д′(δ ) =
h′([д(δ )]). Define f ′ as:
f ′([]) = h′([])
f ′(σ • [δ ]) = f ′(σ ) ⊙ д′(δ )
which is by definitionmemoryless. For all δ ∈ Sn−1, we have:
πD ◦ д′(δ ) = πD ◦ h′ ◦ д(δ )
= h ◦ д(δ )
= f ([δ ])
= д(δ )
based on the assumption that h([]) is defined and therefore
has to be the unit of ⊙. It is easy to show (by induction
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and definition) that for all δ1, . . . ,δm ∈ Sn − 1 where σ =
[δ1] • . . . • [δm], we have:
f ′(σ ) = h′ ([д(δ1)] • . . . • [д(δm)]) (1)
Let σ ,σ ′ ∈ Sn and σ ′ = [δ1] • . . . • [δm] where δi ∈ Sn−1.
We have:
f ′(σ • σ ′) = (· · · (f ′(σ ) ⊙ д′(δ1)) ⊙ · · · ) ⊙ д′(δm)
= f ′(σ ) ⊙ (д′(δ1) ⊙ · · · ⊙ д′(δm))
= f ′(σ ) ⊙ f ′(σ ′)
by associativity of ⊙. Therefore, f ′ is also ⊙ homomorphic.
f ′ is a lifting of f since:
πD ◦ f ′([]) = πD ◦ h′([]) = h([]) = f ([])
πD ◦ f ′(σ ) = πD ◦ h′([д(δ1)] • . . . • [д(δm)])
= h([д(δ1)] • . . . • [д(δm)])
= f (σ )
It remains to show that h′ is a summary of f ′ up to projec-
tion. Let h¯ : SD×D′ → D × D ′ be the summary of f ′ defined
through ⊙ that is
h¯([]) = f ′([])
∀y ∈ SD×D′,b ∈ D × D ′ : h¯(y • [b]) = h¯(y) ⊙ b
Observe that h′ and h¯ have the same range, but the se-
quences in the domain of h¯ have strictly more information
in each element of the sequence than those in h′. The claim
that we want to prove is that
h′ = h¯ ◦ π¯D
where π¯D is the natural extension of the projection function
from elements to sequence of elements.
We have h′([]) = f ′([]) = h¯([]), by definition. This serves
as our induction base case. Let y ∈ SD×D′ , and assume that
h′ ◦ π¯D (y) = h¯(y). Let a ∈ D × D ′ and a = д′(δ ) for some
δ ∈ Sn−1:
h′ ◦ π¯D (y • [a]) = h′(π¯D (y) • πD (a))
= h′ ◦ π¯D (y) ⊙ h′(πD (a))
= h′ ◦ π¯D (y) ⊙ h′(πD (д′(δ )))
= h′ ◦ π¯D (y) ⊙ h′(д(δ ))
= h′ ◦ π¯D (y) ⊙ д′(δ )
= h¯(y) ⊙ a
= h¯(y • [a])
□
Proposition 5.5. Let f : Sn → D be a (rightward) memo-
ryless function defined by helper function д (from Definition
4.2), and let h : SD → D be its summarized version. If f can
be lifted to a homomorphism f ′ : SD → D × D ′, then there
exists a lifting h′ : Sn → D×D ′ of h that is a homomorphism,
and h′ is equivalent to the summary of f ′ up to projection of
its input sequence down to domain D.
Proof. Assume there exists a lifting f ′ of f which is ⊙ ho-
momorphic. Note that:
f ′(σ • δ ) = f ′(σ ) ⊙ f ′([δ ])
Let д′ : Sn−1 → D × D ′ be defined as д′(δ ) = f ′([δ ]).
Define h′ as:
h′([]) = f ′([])
∀x ∈ SD ,a ∈ D( s.t. a = д(δ )) : h′(x • a) = h′(x) ⊙ д′(δ )
Let us argue that h′ is ⊙-homomorphic and a lifting of h.
The former is immediately implied by associativity of ⊙. For
the latter, we need to show that πD ◦ h′ = h (rightward
computability of h′ is implied by the computability of ⊙).
Observe that:
πD ◦ h′([]) = πD ◦ f ′([]) = f ([]) = h([])
Let x ∈ SD and x = d1 • . . .dm where di = д(δi ) . Then:
πD ◦ h′(x) = πD (h′(x))
= πD (f ′([δ1] . . . . . . • [δm]))
= f ([δ1] • . . . • [δm]) (f ′ is a lifting of f )
= h([д(δ1)] • . . . • [д(δm)]) (by equation 1)
= h(x)
Finally, it remains to show that h′ is a summarized version of
f ′ up to projection. Let h¯ : SD×D′ → D×D ′ be the summary
of f ′ defined through ⊙ that is
h¯([]) = f ′([])
∀y ∈ SD×D′,b ∈ D × D ′ : h¯(y • [b]) = h¯(y) ⊙ b
The claim that we want to prove is that
h′ = h¯ ◦ π¯D
where π¯D is the natural extension of the projection function
from elements to sequence of elements. The argument is
identical to the one made at the end of the proof of Proposi-
tion 5.4 to prove the same claim.
□
5.2 Memoryless Lift
When a rightward function f : Sn → D is not memoryless,
a lifting may be required to add extra information to the
signature of the function (state of the loop) so that functions
д and ⊚ from Definition 4.2 exist. Every non-memoryless
function can be made memoryless by a rather trivial lifting.
Proposition 5.6. Given a rightward function f : Sn → D,
the function f × ι′ (function product) is memoryless where ι′ :
Sn → Sn−1 is defined as ∀δ ∈ Sn−1,σ ∈ Sn : ι′(σ •[δ ]) = δ .
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Proof. Since f is rightward, there exists a binary operator
⊗ and family of functions G such that for all σ ∈ Sn and
δ ∈ Sn−1:
f (σ • δ ) = f (σ ) ⊗G(f (σ ))(δ )
Note that the signature of the lifted function f × ι′ is Sn →
D × Sn−1. Let ⊕ : (D × Sn−1) × (D × Sn−1) → D × Sn−1 be
defined as:
∀a,b ∈ D,δ ,δ ′ ∈ Sn−1 : (a,δ ) ⊕ (b,δ ′) = (a ⊗G(a)(δ ′),δ ′)
Let ι′′ : Sn−1 → Sn be defined as ∀δ ∈ Sn−1 : ι′′(δ ) = [δ ]
and let д : Sn−1 → D×Sn−1 to be function that on all inputs
δ returns (/0,δ ) for some constant value /0 ∈ D.
It is straightforward to see that f × ι′ is memoryless with
the loop join operator ⊕ and helper function д since:
f × ι′(σ • [δ ]) = (f (σ • [δ ]), ι′(σ • [δ ]))
= (f (σ ) ⊗G(f (σ ))(δ ),δ )
= (f (σ ), ι′(σ )) ⊕ (/0,δ )
= f × ι′(σ ) ⊕ д(δ )
Therefore, by definition 4.2, we can conclude that f × ι′ is
memoryless. □
Complexity preservation of the trivial memoryless lift.
It is easy to intuitively see why a trivial lift like the above
does not increase the time complexity of computation of f .
To argue for this, it is easier to think about the loops (instead
of functions). Imagine the original function corresponds to
the loop:
for(int i = 0; i < n; i++) {
for(int j = 0; j < m; j++) {
...
}
}
which has complexity O(nm). Then the lifted one would
correspond to the loop:
for(int i = 0; i < n; i++) {
for(int j = 0; j < m; j++) {
...
}
...
for(int j = 0; j < m; j++) {
...
}
}
where the second copy of the inner loop effectively re-
does the computation of the inner loop. This still has the
complexity O(nm) albeit with larger constants.
In this trivial lifting, the extension to the function remem-
bers the last line of the input σ • [δ ], that is δ , in a new
component and the join effectively processes δ from scratch,
ignoring the partially computed results by the inner loop
computation.
It is essential, however, that the cheapest possible (non-
trivial) lifting is used, to gain optimal parallelism. Recall the
balanced bracket example from Section 2.1. The lifting (ad-
ditions of min_offset and line_bal state variables) in that
example is an instance of a non-trivial lifting. Proposition
5.6, in contrast, would suggest a simple admissible lifting
which would not lead to as much parallelism.
5.3 Algorithmic Memoryless Lift
Algorithmically, the problems of lifting a function to a homo-
morphism or to a memoryless function are related. When a
function is not memoryless, it means that there is not enough
information for amemoryless join operator (⊚) to exist in the
style of the diagram in Figure 2(b). Where the homomorphic
lifting algorithm asks what extra computation is required
for the results of two instances of the entire loop nest to
be joined together, an algorithm for memoryless lifting asks
what extra computation is required for an instance of the
loop nest to be joined with an instance of the inner loop nest.
Considering that the two functions share the same signature,
the problem is formally that of joining an inner loop nest
to an arbitrary state ®s , which is the same problem as the
homomorphism lift of the inner loop nest. The following
proposition makes this observation precise.
Proposition 5.7. A multidimensional rightwards function f
defined through a family of functionsG (as in Definition 4.1)
can be lifted to a memoryless function if every member ofG
can be lifted to a ⊚-homomorphism for some ⊚.
Proof. Consider a multidimensional rightward function f :
Sn → D that is not memoryless, defined by a family of
functions G : D → (Sn−1 → D) as in Definition 4.1. The
function is effectively defined using the recursive equation
f (σ • [δ ]) = f (σ ) ⊗G(f (σ ))(d).
Let us show that liftingG to a family of homomorphisms
(Definition 7.4) is sufficient to lift f to a memoryless function.
For any d ∈ D,G(d) is defined by:
G(d)([]) = d
G(d)(δ • [γ ]) = G(d)(δ ) ⊖ γ
Imagine that we lift д/0 = G(/0) for some /0 ∈ D to a homo-
morphism. We will have a дˆ/0D
′ such that there exists a 
operator that satisfies for all δ ,δ ′ ∈ Sn−1:
дˆ/0
D′(δ • δ ′) = дˆ/0D′(δ ) дˆ/0D′(δ ′)
We define the lifting ofG(d) by using the homomorphic
lifting of д/0:
ˆG(d)D
′
(δ ) = d ′  дˆ/0D′(δ )
where πD (d ′) = d and πD′(d ′) = πD′(дˆ/0D′([])).
ˆG(d)D
′
is naturally a homomorphism since дˆ/0D
′ is one.
We can verify that it is a lifting of G(d) by projecting to
D. We use w the weak inverse of дˆ/0D
′ defined by ∀d ′ ∈
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D ′, дˆ/0D
′(δ ) ◦w (d ′) = d ′.
πD ◦ ˆG(d)D
′
(δ • [a]) = πD (d ′  дˆ/0D′(δ ))
= πD (дˆ/0D′(w(d ′) • δ ))
= д/0(w(d ′) • δ )
= (. . . (д/0(w(d ′))) ⊖ δ1 . . . ⊖ δn)
= (. . . (d ⊖ δ1) . . . ⊖ δn)
= G(d)(δ )
Since ˆG(d)D
′
is a lifting ofG(d) we can use its projection
on D to redefine f :
f (σ • [δ ]) = ®s ⊗ (πD ◦ ( ˆG(d)D
′
([]) дˆ/0D′(δ ′)))
f can be lifted to a memoryless function, explicitly by
defining a lifted operator ⊗ˆD′ : D ′ × D ′ → D such that for
any ®t , ®t ′ ∈ D ′, with ®s = πD ◦ ®t and ®s ′ = πD ◦ ®t ′
πD ◦ (®t ⊗ˆD
′ ®t ′) = ®s ⊗ (πD ◦ ( ˆG(d)D
′
([]) ®t ′))
πD′ ◦ (®t ⊗ˆD
′ ®t ′) = πD′ ◦ ®t ′
The lifted function fˆ D′ is defined by:
fˆ D
′(σ • [δ ]) = fˆ D′(σ ) ⊗ˆD′ дˆ/0D′(δ )
which matches the definition of a memoryless function. Re-
mark that it is a valid lifting of f since πD ◦ fˆ D′ = f by
construction of the lifted operator. □
6 Algorithmic Parallelization
In Sections 4 and 5, we presented the theoretical foundations
of our approach. Theorem 4.7 guarantees that it is sound
and complete to parallelize the summarized loop in place of
the original loop nest. Proposition 5.6 guarantees that any
loop nest can be transformed into one that is summarizable.
Finally, Theorem 5.3 guarantees that a summarized loop
can be soundly and completely lifted to a homomorphism
in place of the original loop. In this section, we outline our
algorithmic approach to parallelization.
6.1 Efficient Divide-and-Conquer Solution
Consider a loop nest L of depth n where the number of itera-
tions of every loop is bounded by a parameterm. Assuming
no function calls are made, the loop nest has a time com-
plexity of O(mn). Since the translation to functional form
preserves time complexity, this is also the time complexity
of the function hL : Sn → D corresponding to the loop nest.
For a parallel implementation of hL based on a join operator
⊙ to have reasonable speedups over constantly many pro-
cessors, the (sequential) complexity of the implementation
based on the join should not be higher than that of the origi-
nal code. Constantly many processors cannot compensate
for a variable increase in complexity.
Proposition 6.1. Let hL ∈ O(mn) be ⊙-homomorphic. The
sequential implementation of hL based on ⊙ is in O(mn) if
⊙ ∈ O(mn−1).
Proof. It is straightforward to see that for a rightward func-
tion f : Sn → D with time complexity O(mn) defined
through the recursive equation f (σ•[δ ]) = f (σ )⊗G(f (σ ,d))(δ )
we have:
• Every д ∈ G is a (leftward or) rightward function of
complexity O(mn−1).
• Any d ∈ D is strictly of space complexity O(mn−1).1
• ⊗ is computable in time O(mn−1).
Since if any of the upper bounds are violated, then one can
show that the time complexity of f would surpass O(mn).
Now, if hL is a homomorphism and we want the parallel
computation based on the homomorphism’s join operator
⊙ to have the same complexity as hL . ⊙ replaces ⊗, and we
can conclude ⊙ ∈ O(mn−1).
□
This observation leads to a formal definition of paralleliz-
ability.
Definition 6.2. (Parallelizability) A rightward (respectively
leftward) function hL ∈ O(mn) is efficiently parallelizable if
and only if it is ⊙-homomorphic and ⊙ ∈ O(mn−1).
The deduced upper bound on ⊙ is crucial to justify the
algorithmic choices made in Sections 7, where the time com-
plexity budget for join informs the choices of syntax for
syntax-guided synthesis [1]. Similarly, there are time and
space complexity budgets for an efficient lifting.
Corollary 6.3. If a function hL ∈ O(mn) is lifted to hˆLD
′
∈
O(mn), then any d ′ ∈ D ′ has space complexity O(mn−1).
The proof follows directly from that of Proposition 6.1,
which also imposes the time complexity ofO(mn−1) for com-
puting d ′. The time and space complexity bounds for d ′
inform the syntactic form of the auxiliary accumulators and
the computation that produces them. In Section 6.2, we pro-
vide a variation of the example from Section 2.2, and a proof
that any lifting of that function to a homomorphism has a
space complexity beyond the budget specified in Corollary
6.3. This information-theoretic proof is very involved, but
makes the important point that an efficient lifting may not al-
ways exist, and consequently neither does a complete lifting
algorithm.
6.2 Incompleteness
Consider a two-dimensional array of integers (with both
1This is under the assumption that the data is fully read. So, this excludes,
for example, operations on lists performed through reference manipulation
without reading the entire list content.
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f ([1 : 1]) −L −L
−L − f ([1 : 1]) L + f ([2 : 2]) 0
0 −L − f ([2 : 2]) L + f ([3 : 3])
L + f ([1 : 2])/2 L + f ([1 : 2])/2 −L − f ([3 : 3])
−L − f ([1 : 2])/2 f ([2 : 3])/2 − f ([1 : 2])/2 L + f ([2 : 3])/2
L + f ([1 : 3])/3 f ([1 : 3])/3 − f ([2 : 3])/2 f ([1 : 3])/3 − f ([2 : 3])/2
ª®®®®®®®¬
.
Figure 9. Definition of Matrix A
int col[];
int max_trec = 0;
for (i = 0; i < n; i++) {
int max_rrec = 0;
for (j = 0; j < m; j++) {
col[j] += A[i][j];
max_rrec = max(0, max_rrec + col[j]);
max_trec = max(max_trec, max_rrec);
}
}
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Figure 10. Maximum top subarray sum.
positive and
negative) el-
ements. As-
sume that the
goal is to com-
pute themax-
imum sumof
the elements
of a subar-
rayA[0..ℓ, j ..k]
for all 0 ≤ ℓ < n and 0 ≤ j ≤ k < n, i.e. all subarrays that
start from the top row of the original array, but can include
a subset of its rows and columns. The code in Figure 10 is a
clever single-pass implementation of this function. We will
prove that this code, although very similar syntactically to
the one in Figure 5, does not admit an efficient divide-and-
conquer parallelization.
Let R+ be the set of positive real numbers. For integers
i ≤ j , let [i : j] denote the set {i, . . . , j}, and for each integer
n and r ≤ n define
Irn := {[i : j] : 1 ≤ i ≤ j ≤ n | j < i + r } .
We write In for Inn . Note that |Irn | = O(nr ) and in particular
|In | = O(n2).
We call a function f : Irn → R+ graded if for any J , J ′ ∈ Irn
with |J | < |J ′ |:
f (J )/|J | > f (J ′)/|J ′ |.
Lemma 6.4. Given an arbitrary function f : Irn → R+ and
X ≥ max J , J ′∈Irn | f (J ) − f (J ′)|, the function f˜ defined as
f˜ (J ) = |J |(n − |J |)X + |J | f (J ), (2)
is graded.
Proof. If |J | < |J ′ |:
f˜ (J )
|J | −
f˜ (J ′)
|J ′ | = (|J
′ |−|J |)X+f (J )−f (J ′) ≥ X+f (J )−f (J ′) > 0.
□
Given a matrix A = [ai j ] with n columns, the column-
interval maximum prefix sum of A is a real-valued function
µA defined over In , as
µA(J ) := maxk≥1
k∑
i=1
∑
j ∈J
ai j ,
and the maximum top subarray sum of A is
µ(A) := max J ∈In µA(J ).
Lemma 6.5. For any graded function f : Irn → R+, there is
an n-column matrix A with O(nr ) rows for which µA = f .
Proof. Choose L > max J ∈Irn f (J ). We construct the matrix A
by stacking r groups of rows, where the ith group is a set of
n − i + 1 rows, each of which corresponding to one of the
distinct sets J ∈ Irn with |J | = i , thus the total number of
rows adding up to
∑r
i=1(n − i + 1) = O(nr ).
Let k J denote the row that corresponds to the set J ∈ Irn .
The entries in row k J are determined as follows: for any
column j, let sj =
∑k J −1
i=1 ai j . Then we set
ai j =
{
f (J )/|J | − sj j ∈ J
−L − sj otherwise.
For example, for n = 3 and f defined on In the matrix A
would be as illustrated in Figure 9.
The matrix for Irn would simply keep the first r groups of
the one for In .
We claim that for any J ∈ Irn , µA(J ) = f (J ). For any row
number k define for a column j,
sj (k) :=
k∑
i=1
ai j ,
and for an J ∈ In define
s J (k) :=
∑
j ∈J
sj (k).
It can be readily confirmed from our construction that for
any J ∈ Irn , and any column j:
sj (k J ) =
{
f (J )/|J | j ∈ J
−L otherwise.
In particular, we have s J (k J ) = f (J ), immediately imply-
ing that µA(J ) ≥ f (J ). To prove µA(J ) = f (J ), we show next
that for any k , k J , s J (k) < f (J ). By our construction, if
k = k J ′ , k J , for some J ′ ∈ Irn then
s J (k) =
∑
j ∈J ′∩J
f (J ′)/|J ′ |−
∑
j ∈J \J ′
L = |J ′∩J | f (J ′)/|J ′ |−L|J\J ′ |.
(3)
If k < k J , then
sk (J ) = |J ′ ∩ J | f (J ′)/|J ′ | − L|J \ J ′ | ≤ f (J ′) − L|J \ J ′ | < 0,
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Figure 11. Parallelization Schema
where the last inequality follows because J ′ , J and f (J ′) <
L. In fact, the above inequality holds true by the same rea-
soning, even if k > k J but J \ J ′ , ∅. To complete the proof,
suppose k > k J and J ⊂ J ′, then
sk (J ) = |J | f (J ′)/|J ′ | < f (J ),
where this final inequality follows from the fact that f is
graded. □
The construction in the proof of the above Lemma can
be regarded as an encoding: any function f : Irn → R+, can
be encoded by a tuple (A,X ), where A is the constructed
O(nr ) ×n matrix and X is strict upper bound on the absolute
value of the difference between values of f from the proof of
the Lemma 6.4 needed for turning f into the graded f˜ . The
decoding for input J ∈ Irn is done by as:
f (J ) = µA(J )/|J | − (n − |J |)X .
Let us now restrict the range of values of f to the set
of positive integers {1, . . . , 2k } representable by O(k) bits.
Thus X = 2k + 1 would be a valid upper bound to form
values f˜ which would then be O(k) bit integers themselves.
Observe also that by construction f˜ (J ) is always divisible by
|J |. Following the arithmetics in Lemma 6.5, it can be verified
that the entries of matrix A will all be O(k)-bit integers. We
can thus state the following.
Lemma 6.6. Let C be an algorithm that given anm×nmatrix
A, with O(k)-bit integer entries and with m ≤ n(n + 1)/2,
produces a data structure C(A) that can be used (independently
of A) to evaluate µA(J ) for every J ∈ In , then C(A) needs
Ω(km) bits of space.
Proof. Let r = O(m/n). From the above discussion, we can
encode any mapping from Irn to k-bit integers using anm×n
matrix A of O(k)-bit integers (plus O(k) bits to represent X
from Lemma 6.4). Since there are 2O (knr ) such mappings,
C(A) must use at least the logarithm of that many bits to
be able to distinguish different functions from each other,
meaning it must have size Ω(knr ) = Ω(km). □
Theorem 6.7. For any divide and conquer algorithm for com-
puting µ(·) of n-column matrices of O(k)-bit integers, the out-
put of a sub-problem of r ≤ n(n + 1)/2 rows has size Ω(kr ).
In particular, solutions to subproblems of size O(n2) require
Ω(kn2) bits.
Proof. Let A0 and A1 be two consecutive subproblems with
A1 consisting of r rows. Let A01 represent the concatena-
tion of A0 and A1. We show that setting a single row of A0
adversarially is enough to force the join of A0 and A1 to
compute µ J (A1) for any J ∈ Irn . Lemma 6.6 then implies
that the output computed for A1 must have size Ω(kr ). Let
[i : j] ∈ Irn and let L > max J ∈Irn µA1 (J ). We set the entries
one row of A0 to L for columns in [i : j] and −L for the re-
maining columns. All other rows of A0 are set to zero. Since
µA1 (J ) ≪ L for all J . µ(A) has to use as many L entries in
our set row and no −L entries to be maximized. Therefore,
µ(A01) = |J |L + µA1 (J ). □
Therefore, we can conclude with the following theorem:
Theorem 6.8. An efficient lifting of a (multidimensional)
rightward function may not always exist.
6.3 Parallelization Schema
The diagram in Figure 11 illustrates the algorithmic steps
in our methodology to parallelize an input sequential pro-
gram. The light grey section performs the summarization of
the loop, which corresponds to the discovery of a map. The
light blue section parallelizes the summarized loop, which
corresponds to the discovery of a reduction. The key algo-
rithmic steps are the synthesis of the summarized outer loop
and the parallel join (respectively labeled as (II) and (I) in
Figure 11), which are solved using syntax-guided synthesis
(Section 7), and the memoryless lift and the homomorphism
lift (boxes respectively labeled as (IV) and (III) in Figure 11)
which are performed using a deductive-style algorithm (Sec-
tion 8). Each step of the process is labeled with the theorem
justifying it.
The test for a homomorphism in the schema is only nomi-
nal and implemented practically through the success or fail-
ure of join synthesis algorithm. It is important to note that
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Rice’s theorem dictates that deciding whether a computable
function is a homomorphism in general is undecidable, and
therefore there exists no decision procedure for this test.
If a function is not memoryless, then in (IV), an efficient
memoryless lift is attempted; that is, the most efficient lift
whose time complexity is no more thanO(mn−2). If this fails,
we know we can always rely on the default admissible mem-
oryless lift (which is incidentally of complexity O(mn−1)). If
a homomorphism lift within the complexity budget (deter-
mined by k , the summarized loop depth) exists, then a classic
divide-and-conquer parallel program is produced. Otherwise,
we opt to parallelize the inner loop through the map and
leave the outer loop’s computation as sequential (as is the
case for the example in Section 2.1). When summarization
does not reduce the depth of the loop (i.e n = k), then there
is no benefit in parallelizing the inner loop nest through a
parallel map; i.e. the parallelization has failed.
7 Join Synthesis
In this section, we address the algorithmic problems of gen-
eration of the parallel join operator and the summarized outer
loop, respectively steps (I) and (II) from the general schema
of Figure 11. Although the two problems seem independent,
the latter turns out to be a special instance of the former.
7.1 Syntax-guided Synthesis of Parallel Join
We employ syntax-guided synthesis (SyGuS)[1] to generate
the parallel join. Given a correctness specification φ and syn-
tactic constraints describing the syntactic space S of possible
implementations for join, a syntax-guided synthesis solver
finds a solution x ∈ S where φ(x) holds. The correctness
specification for the join operator ⊙ is that hL (the summa-
rized loop function) forms a homomorphism with ⊙ (i.e. Def-
inition 3.2); i.e., φ(⊙) ≡ ∀x ,y ∈ SD ,hL(x •y) = hL(x) ⊙hL(y).
The main challenge in SyGuS is to appropriately define
the syntactic restrictions. On one hand, they need to be
expressive enough to include an efficient ⊙ that satisfies φ if
one exists. On the other hand, the smaller the state space S,
the more tractable the search problem for its synthesis.
We use an insight to define S effectively. A function f −1
is a weak inverse of a function f iff f ◦ f −1 ◦ f = f , and f
always has at least one weak inverse iff f is computable and
its domain is countable. All the functions of interest in this
paper have weak inverses of signature D → Sn . In the proof
of the third homomorphism theorem in [16], it is observed
that a join ⊙ for a homomorphism hL can be constructively
defined based on hL ’s weak inverse. That is, for all d,d ′ ∈ D
we haved⊙d ′ = hL(h−1L (d)•h−1L (d ′)). This implies an ⊙with a
similar syntactic structure tohL exists. Moreover, Proposition
6.1 implies that for ⊙ to remain within the complexity budget,
h−1L (d) and h−1L (d ′) need to have constant length.
Example 7.1. Recall the maximum top-left subarray sum
example from Figure 5(c). The summarized function hmtls ’s
signature is the tuple of state variables ⟨rec,max_rec,row_mrec,
mtl_rec⟩ and its weak inverse is a 2-row array with the same
width as the original input. It is illustrated below.
max rec[k   1]max rec[0]
rec[0] max rec[0] rec[k   1] max rec[k   1]
. . .
. . .
A join con-
structed based
on this weak
inverse executes hmtls on 4 rows; the concatenation of 2 sets
of 2 rows coming from the left and the right threads.
In syntax-guided synthesis, S is defined by a sketch (a pro-
gram with unknowns) and an expression grammar G speci-
fying possible completions for the holes (unknowns). Intu-
itively, the solver searches for substitutions from expressions
in G for all holes in the sketch, such that the resulting pro-
gram satisfies the correctness specification. The construction
of the sketch we use is an extension of the one in [12]. It
needs to be extended, since this paper introduces a technique
to synthesize superscalar joins, and in [12] only constant-
time computable joins are considered.
Sketch To obtain the sketch, a compilation function C (pre-
sented in Figure 12) is applied to the system of recurrence
equations representing the body of the summarized loop.
The result is a system of equations where the right-hand side
of the equations become expressions with holes. We define
C on expressions first, and then extend it to a systems of
equations.
In Figure 12(a), we recall the compilation function C of
[12]. It transforms expressions of the input loop body into
expressions of the sketch by replacing variables with holes.
Recall that the join takes as input the computation results
of two threads: we will refer to them as the left thread and
the right thread. In order to reduce the size of the state
space of solutions, we identify two types of holes: (1) right
holes ??R , which can be completed by expressions using
only variables from the right thread and (2) left holes ??LR ,
which can completed using variables from both threads. The
compilation function C is defined recursively on expressions
e of the input language. op is an operator, x is a (possibly
subscripted) variable, and c is a constant.
Since the join will use recursion (or, equivalently iteration
with accumulation), we need to allow the use of recursion
variables in the join. We extend the compilation function
with Cr ec and add a third type of hole: recursive hole ??Rec
which can completed using variables from both threads and
local variables defined in the join. Cr ec is defined in Figure
12(b): it coincides with C on constants and expressions, and
replaces state variables with recursive holes ??Rec instead of
left-right holes ??LR .
Finally, the compilation function is defined over a system
of recurrence equations E in Figure 12(c). C(E) is the result
of applying the compilation functions to the expressions on
the right-hand side of the equations in the loop body. C is
applied to the right-hand side of simple equations appearing
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C (k ) = ??R
C (x ) =
{
??R if x ∈ IVar
??LR if x ∈ SVar
C (op(e1, .., em )) = op (C(e1), ..., C(em ))
(a) Sketch compilation for scalar joins from [12].
Cr ec (x ) =
{
??R if x ∈ IVar
??Rec if x ∈ SVar
(b) Extension of the compilation function with Cr ec .
C(E) =
©­­­­­­­­«
s1 = C(Exp1(IVar, SVar))
.
.
.
(si1, si2, . . . , sip ) = for (i ∈ I)
{ Cr ec (Eloop ) }
.
.
.
sq = Cr ec (Expq (IVar, SVar))
ª®®®®®®®®¬
(c) Compilation of the sketch body from the system of equations E.
Figure 12. Sketch compilation function C
before all loop equations. Cr ec is used for the body of a loop
equation (Cr ec (Eloop )) and all the equations after. Cr ec (E)
is defined similarly in a recursive manner, but only Cr ec is
applied to the expressions of the right hand side of each equa-
tion in E. Remark that for local variables to be used in the
loop of the sketch, the local variables will first need to be ini-
tialized, and we will add equations si =??LR for any variable
si that can be used in a loop and that has not been initial-
ized before that loop. To include the solutions described in
Example 7.1, we allow bounded repetitions of the sketch. To
produce the exact join of this example, four would have been
necessary. But, practically, in the vast majority of the cases
one repetition of the sketch is sufficient. Additionally, we ex-
tend the state space of solutions represented by the sketch to
include potential summarized solutions: any equation sketch
si = Cr ec (Exp) appearing after a loop is copied in the body
of the preceding loop. The construction still ensures that the
solution based on the weak inverse is in the space of possible
solutions.
int mtl_rec = ??;
int * rec = ??;
int * max_rec = ??;
for(j=0; j < n; j++){
rec[j] = ?? + ??;
max_rec[j] = max(??,??);
mtl_rec = max(??,??);
}
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For example, consider
the sketch illustrated on
the right, written in the
syntax of the input lan-
guage for simplicity. The
crucial difference between
a looped sketch like this
one and those in [12] is that in a loop, variables may have
to be referenced on the right-hand side of the assignments
to effectively implement recursion. Therefore, the extended
sketch allows for join variables to appear on the righthand
side of the expressions (i.e. ?? stands for all variables in
contrast to just left and right variables). A complete sketch
admits bounded repetitions of the above loop (not illustrated),
ne0 ::= x | x [e j] | c x ∈ nV ars, c a numeric constant
neκ>0 ::= neκ−1 ⊕ neκ−1 | − neκ−1
| if (beκ−1) neκ−1 else neκ−1
be0 ::= b |b[e j] ∥ true | false b ∈ bV ars
beκ>0 ::= beκ−1 ∧⃝ beκ−1 | ¬beκ−1
| neκ−1 < neκ−1
| if (beκ−1) beκ−1 else beκ−1
e j := j ⊕ c j an iterator, c integer constant
⊕ := +, −,min,max, ×, ÷ binary numeric< := >, >=, <, <=, = comparisons
∧⃝ := ∧, ∨ binary boolean
Figure 13. Grammar of expressions used for ??R , ??LR and ??Rec
holes. neκ and beκ correspond to expressions of depth up to and
equal to κ. nVars and bVars stand for numeric and booleans vari-
ables.
which then produces exactly the solution from Example 7.1
in 4 repetitions. But, one can piggy back on the first loop to
update mtl_rec simultaneously with max_rec[] instead of
having to wait for the next loop in the repetition. This leads
to the discovery of an optimal join (i.e. the one in Section
2.2), compared to a less efficient join of Example 7.1. Note
that both joins are valid solutions of the sketch. In the imple-
mentation we first search for the simplest join by initially
allowing only one repetition.
Assuming that h−1L returns a constant-length (multidimen-
sional) sequence, and hL is a homomorphism, then a join
is guaranteed to exist in the space described by our sketch.
The synthesis procedure can soundly declare hL not to be a
a homomorphism when it cannot find a join.
Expression grammar The grammar of expressions used
to complete the holes ??R , ??LR and ??Rec during the syntax-
guided synthesis of the join operator is presented in Figure
13. This grammar is parameterized by (1) the operators that
can be used in the expression and (2) the set of expressions
(nVars and bVars) that can be used in the leaves of the expres-
sion tree and (3) the maximal expression height allowed κ.
Sets of operators of different types (⊕,< and ∧⃝) are given in
the figure and can be extended if the input program uses ad-
ditional operators. In practice, the set of available operators
is gradually increased until a solution is found, starting with
the set of operators that appear in the input program. The set
of variables available in the expression depends on the hole
type (??R , ??LR or ??Rec ), as discussed previously. Finally, the
parameter κ is gradually increased until a solution is found;
in practice, we observed that κ ≤ 2.
For example, in the sketch presented above, most holes
only need to be replaced by a single variable and only one
hole needs to be replaced by an expression of height one
(rec_l[j] + max_rec_r[j]) to get the solution presented
in Figure 6.
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7.2 Summarized Loop Synthesis
Assuming that the loop is memoryless, summarization of
the loop boils down to the synthesis of the operator ⊚ from
Figure 2. We argue why this problem is nearly identical to
the synthesis of a homomorphic join.
Proposition 7.2. A multidimensional rightwards function is
memoryless iff we have ⊚ and /0д that satisfy the specification
φ(⊚, /0д)
def≡ ∀d ∈ D,δ ∈ Sn−1, G(d)(δ ) = d ⊚G(/0д)(δ ).
It is straightforward to see why the above characterization
is equivalent to the one given in Definition 4.2. One can also
show that φ is identical to the definition of a homomorphism.
Proposition 7.3. φ holds for a family of functionsG iff every
member of the family is ⊚-homomorphic.
Proof. Consider a family of rightwards (or leftwards) func-
tions G : D → (Sn−1 → D) defined by ∀d ∈ D,δ ∈
Sn−1, G(d)(δ ) = foldl(⊕) δ d with some operator ⊕ : D ×
Sm−2 → D.
Let us first define what it means for a function in G to
be homomorphic, since their signature is slightly different
from the functions in Definition 3.2. Then, we remark in
Proposition 7.5 that for every д inG to be ⊚-homomorphic,
that is for the family of functions to be homomorphic (defined
below in Definition 7.4), we only need to prove that the
function G(/0д) : Sn−1 → D is ⊚-homomorphic, for some
/0д in D. This leads us to our conclusion, equating φ to the
specification of a family of homomorphisms.
Definition 7.4. A family of rightwards (or leftwards) func-
tionsG : D → (Sn−1 → D) is a family of⊚-homomorphisms
for binary operator ⊚ : D × D → D with identity element
/0 ∈ D iff for all sequences δ ,δ ′ ∈ Sn−1 and ∀d ∈ D we have
G(d)(δ • δ ′) = G(d)(δ ) ⊚G(/0)(δ ′).
Remark the asymmetry in the definition: the right hand
operand of the ⊚ operator is independent from d . This is
necessary, as illustrated by the following example. Take the
family of sum functions initialized with an arbitrary integer:
we have D = int and G(d)(δ ) = d + sum(δ ) where sum
returns the sum of all the elements of δ . Then, for every
integer d :
G(d)(δ •δ ′) = d+sum(δ )+0+sum(δ ′) = G(d)(δ )+G(0)(δ ′).
Using d on both side of + would have yielded the wrong
answer. The asymmetry allows for every member of the
family to have the same homomorphic join operator, in this
case +.
To prove that a family of rightwards functions is homomor-
phic, there is no need to prove that for every d , the function
G(d) is homomorphic. It suffices to prove it forG(/0), as the
following proposition states.
Proposition 7.5. A family of rightwards (or leftwards) func-
tions G is a family of homomorphisms iff there is an ele-
ment /0 ∈ D such that G(/0) is ⊚-homomorphic for some
⊚ : D × D → D.
Remark that ifG is a family of homomorphisms, then in
particularG(/0) is a homomorphism.
Now, assume that we have an element /0 and operator ⊚
such thatG(/0) is ⊚-homomorphic. We are only interested
in computable functions that have a countable domain, and
therefore have weak inverses. We denote the weak inverse
of G(/0) by G(/0)−1: we have ∀d ∈ D, G(/0)(G(/0)−1(d) = d .
Let δ = [δ0, . . . ,δn] a sequence of length n, we can develop
the function application as follows (where γ = G(/0)−1(d) =
[γ0, . . . ,γn′]):
G(d)(δ ) = (. . . (d ⊕ δ0) ⊕ . . . ⊕ δn)
= (. . . (G(/0) (G(/0)−1(d)) ⊕ δ0) ⊕ . . . ⊕ δn)
= (. . . ((. . . (/0 ⊕ γ0) . . . ⊕ γn′) ⊕ δ0) ⊕ . . . ⊕ δn)
= G(/0)(γ • δ ) = G(/0)(G(/0)−1(d) • δ )
Let δ and δ ′ two sequences. We use the previous result,
and the fact thatG(/0) is homomorphic:
G(d)(δ • δ ′) = G(/0)(G(/0)−1(d) • δ • δ ′)
= G(/0)(G(/0)−1(d) • δ ) ⊚G(/0)(δ ′)
= G(d)(δ ) ⊚G(/0)(δ ′)
Therefore,G is a family of homomorphisms.
Proposition 7.5 justifies the Definition 7.4 by proving that
the latter matches exactly the definition of a homomorphism
in Definition 3.2.
Let us come back to the original problem. Recall the cor-
rectness specification used in the summarized loop synthesis:
φ(⊚, /0) = ∀d ∈ D,∀δ ∈ Sn−1,G(d)(δ ) = d ⊚G(/0)(δ )
We want to prove that φ holds for the family of functionG
iff every д inG is a homomorphism.
IfG is a family of homomorphisms, then φ is satisfied: it
is the homomorphism definition with δ = [] and δ = δ ′.
If φ is satisfied, we have ⊚ and /0 such that ∀d ∈ D,∀δ ∈
Sn−1:
G(/0)(G(/0)−1(d) • δ ) = G(/0)(G(/0)−1(d)) ⊚G(/0)(δ )
which shows thatG(/0) is ⊚-homomorphic, and, by Proposi-
tion 7.5, every д inG is ⊚-homomorphic. □
Therefore, the operator ⊚ can be synthesized as a homo-
morphism join operator of the functions in familyG, which
is the problem that we have already addressed in the pre-
vious subsection. The only point of difference is that the
complexity budget set for a memoryless join operator ⊚ and
the parallel join operator ⊙ (previously discussed) are dif-
ferent. The budget for ⊙ is determined by the depth of the
summarized loop, whereas the budget for ⊚ is determined
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by the original loop nest’s depth, as indicated in Figure 11
respectively by k and n.
There are two modifications to the sketch compilation
function of the join synthesis. First, instead of replacing
state variables x ∈ SVar by holes, we simply put the variable
xL from the left thread, since the right operand of ⊚ is the
result of applying д to only one element of Sn−1 and looking
for a join that iterates on its inputs more than once makes
no sense. Then, the sketch compiled from the body of д is
wrapped in a loop iterating over the size of an element of D
instead of a constant. That is, if D contains scalar elements,
the sketch is constant-time.
If the loop is memoryless, this synthesis procedure always
succeeds, even if it has to fall back on returning the trivial
answer (see Proposition 5.6). But, as discussed in section
5, the goal is to find the simplest join. This is achieved by
two mechanisms. First, the sketch complexity is at most the
complexity of the data. For example, a linear join for scalar
variables will only be necessary if a linear variable has been
added through lifting. Second, the expressions completing
the holes are the simplest possible, because the search for a
solution increases the depth κ until a solution is found.
8 Automatic Lifting
As argued in Section 5.3, a memoryless lift is a special in-
stance of the homomorphism lift and both problems admit
the same algorithmic solution. Here, we present an algo-
rithm for discovering a homomorphism lift, which would
respectively apply to modules (III) and (IV) in Figure 11.
8.1 Rewriting Oracle
Assume a memoryless function f : Sn → D defined recur-
sively as f (σ ) = foldl(⊕)◦map(д)(σ ) is not a homomorphism.
Let h : SD → D be the summarization of f , as defined in
Proposition 4.6, that is:
h([]) = f ([])
∀a ∈ D : h(x • [a]) = h(x) ⊕ a
for x ∈ SD and a ∈ D. Recall that according to Theorem 5.3,
a lifting for h can be computed instead of a lifting for f .
Let x ,y ∈ SD , ®s = h(x), andy = [a1, . . . ,ak ] (with ai ∈ D).
The sequential computation of h(x • y) can be written as:
h(x • [a1, . . . ,ak ]) = (· · ·
(®s ⊕ a1) ⊕ · · · ) ⊕ ak . (4)
Lifting h to a homomorphism hˆD′ corresponds to extend-
ing the image of h to D × D ′ and lifting the initial state to
( ®s0, ®s ′0) = hˆD
′([]). If hˆD′ is a homomorphism, then there exists
a binary operator ⊙ such that ((®s, ®s ′) = fˆ D′(σ )):
hˆD
′(x • y) = (®s, ®s ′) ⊙ hˆD′([a1, . . . ,ak ])
= (®s, ®s ′) ⊙
(
· · · ((( ®s0, ®s ′0)⊕ˆa1)⊕ˆ · · · )⊕ˆak
)
. (5)
max
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<latexit sha1_base64="N7EWMjity4olA7swJbx8Gj1EfRw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4AmlMl02g6dScLMjVhC f8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKSLeQoGSdxPNqQol74ST29zvPHJtRBw94DThgaKjSAwFo2gl31cUxwIzRZ9m/WrNrbtzkFXiFaQGBZr96pc/iFmqeIRMUmN6nptgkFGNgkk+q/ip4QllEzriPUsjqrgJsnnmGTmzyoAMY21fhGSu/t7 IqDJmqkI7mWc0y14u/uf1UhxeB5mIkhR5xBaHhqkkGJO8ADIQmjOUU0so08JmJWxMNWVoa6rYErzlL6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBgwSe4RXenNR5cd6dj8VoySl2juEPnM8fqFySEw==</latexit><latexit sha1_base64="N7EWMjity4olA7swJbx8Gj1EfRw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4AmlMl02g6dScLMjVhC f8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKSLeQoGSdxPNqQol74ST29zvPHJtRBw94DThgaKjSAwFo2gl31cUxwIzRZ9m/WrNrbtzkFXiFaQGBZr96pc/iFmqeIRMUmN6nptgkFGNgkk+q/ip4QllEzriPUsjqrgJsnnmGTmzyoAMY21fhGSu/t7 IqDJmqkI7mWc0y14u/uf1UhxeB5mIkhR5xBaHhqkkGJO8ADIQmjOUU0so08JmJWxMNWVoa6rYErzlL6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBgwSe4RXenNR5cd6dj8VoySl2juEPnM8fqFySEw==</latexit><latexit sha1_base64="N7EWMjity4olA7swJbx8Gj1EfRw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4AmlMl02g6dScLMjVhC f8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKSLeQoGSdxPNqQol74ST29zvPHJtRBw94DThgaKjSAwFo2gl31cUxwIzRZ9m/WrNrbtzkFXiFaQGBZr96pc/iFmqeIRMUmN6nptgkFGNgkk+q/ip4QllEzriPUsjqrgJsnnmGTmzyoAMY21fhGSu/t7 IqDJmqkI7mWc0y14u/uf1UhxeB5mIkhR5xBaHhqkkGJO8ADIQmjOUU0so08JmJWxMNWVoa6rYErzlL6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBgwSe4RXenNR5cd6dj8VoySl2juEPnM8fqFySEw==</latexit><latexit sha1_base64="N7EWMjity4olA7swJbx8Gj1EfRw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4AmlMl02g6dScLMjVhC f8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKSLeQoGSdxPNqQol74ST29zvPHJtRBw94DThgaKjSAwFo2gl31cUxwIzRZ9m/WrNrbtzkFXiFaQGBZr96pc/iFmqeIRMUmN6nptgkFGNgkk+q/ip4QllEzriPUsjqrgJsnnmGTmzyoAMY21fhGSu/t7 IqDJmqkI7mWc0y14u/uf1UhxeB5mIkhR5xBaHhqkkGJO8ADIQmjOUU0so08JmJWxMNWVoa6rYErzlL6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBgwSe4RXenNR5cd6dj8VoySl2juEPnM8fqFySEw==</latexit>
max
<latexit sha1_base64="N7EWMjity4olA7swJbx8Gj1EfRw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4AmlMl02g6dScLMjVhC f8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKSLeQoGSdxPNqQol74ST29zvPHJtRBw94DThgaKjSAwFo2gl31cUxwIzRZ9m/WrNrbtzkFXiFaQGBZr96pc/iFmqeIRMUmN6nptgkFGNgkk+q/ip4QllEzriPUsjqrgJsnnmGTmzyoAMY21fhGSu/t7 IqDJmqkI7mWc0y14u/uf1UhxeB5mIkhR5xBaHhqkkGJO8ADIQmjOUU0so08JmJWxMNWVoa6rYErzlL6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBgwSe4RXenNR5cd6dj8VoySl2juEPnM8fqFySEw==</latexit><latexit sha1_base64="N7EWMjity4olA7swJbx8Gj1EfRw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4AmlMl02g6dScLMjVhC f8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKSLeQoGSdxPNqQol74ST29zvPHJtRBw94DThgaKjSAwFo2gl31cUxwIzRZ9m/WrNrbtzkFXiFaQGBZr96pc/iFmqeIRMUmN6nptgkFGNgkk+q/ip4QllEzriPUsjqrgJsnnmGTmzyoAMY21fhGSu/t7 IqDJmqkI7mWc0y14u/uf1UhxeB5mIkhR5xBaHhqkkGJO8ADIQmjOUU0so08JmJWxMNWVoa6rYErzlL6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBgwSe4RXenNR5cd6dj8VoySl2juEPnM8fqFySEw==</latexit><latexit sha1_base64="N7EWMjity4olA7swJbx8Gj1EfRw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4AmlMl02g6dScLMjVhC f8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKSLeQoGSdxPNqQol74ST29zvPHJtRBw94DThgaKjSAwFo2gl31cUxwIzRZ9m/WrNrbtzkFXiFaQGBZr96pc/iFmqeIRMUmN6nptgkFGNgkk+q/ip4QllEzriPUsjqrgJsnnmGTmzyoAMY21fhGSu/t7 IqDJmqkI7mWc0y14u/uf1UhxeB5mIkhR5xBaHhqkkGJO8ADIQmjOUU0so08JmJWxMNWVoa6rYErzlL6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBgwSe4RXenNR5cd6dj8VoySl2juEPnM8fqFySEw==</latexit><latexit sha1_base64="N7EWMjity4olA7swJbx8Gj1EfRw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4AmlMl02g6dScLMjVhC f8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKSLeQoGSdxPNqQol74ST29zvPHJtRBw94DThgaKjSAwFo2gl31cUxwIzRZ9m/WrNrbtzkFXiFaQGBZr96pc/iFmqeIRMUmN6nptgkFGNgkk+q/ip4QllEzriPUsjqrgJsnnmGTmzyoAMY21fhGSu/t7 IqDJmqkI7mWc0y14u/uf1UhxeB5mIkhR5xBaHhqkkGJO8ADIQmjOUU0so08JmJWxMNWVoa6rYErzlL6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBgwSe4RXenNR5cd6dj8VoySl2juEPnM8fqFySEw==</latexit>
rec[0] +
Pk
i=0 ↵i[0]
<latexit sha1_base64="ZH9oYi0rVkMi5L/Ccs9JycpNU+U=">AAACIXicbVDLSsNAFJ34rPUVdelmsBUEoSTd2I1QdOOygn1AE8NkOm2HTh7M3Agl 5Ffc+CtuXCjSnfgzTtMstPXAhcM5987ce/xYcAWW9WWsrW9sbm2Xdsq7e/sHh+bRcUdFiaSsTSMRyZ5PFBM8ZG3gIFgvlowEvmBdf3I797tPTCoehQ8wjZkbkFHIh5wS0JJnNlInfySVbJBhBwBLRrNq33LxJXZUEngpv7ayx3SiXSLiMfG4NqvYMytWzcqBV4ldkAoq0PLMmTOIaBKwEKggSvVtKwY3JRI4FSw rO4liMaETMmJ9TUMSMOWm+XIZPtfKAA8jqSsEnKu/J1ISKDUNfN0ZEBirZW8u/uf1Exg23JSHcQIspIuPhonAEOF5XHjAdR4gppoQKrneFdMxkYSCDrWsQ7CXT14lnXrNtmr2fb3SvCniKKFTdIYukI2uUBPdoRZqI4qe0St6Rx/Gi/FmfBqzReuaUcycoD8wvn8AGuSiyQ==</latexit><latexit sha1_base64="ZH9oYi0rVkMi5L/Ccs9JycpNU+U=">AAACIXicbVDLSsNAFJ34rPUVdelmsBUEoSTd2I1QdOOygn1AE8NkOm2HTh7M3Agl 5Ffc+CtuXCjSnfgzTtMstPXAhcM5987ce/xYcAWW9WWsrW9sbm2Xdsq7e/sHh+bRcUdFiaSsTSMRyZ5PFBM8ZG3gIFgvlowEvmBdf3I797tPTCoehQ8wjZkbkFHIh5wS0JJnNlInfySVbJBhBwBLRrNq33LxJXZUEngpv7ayx3SiXSLiMfG4NqvYMytWzcqBV4ldkAoq0PLMmTOIaBKwEKggSvVtKwY3JRI4FSw rO4liMaETMmJ9TUMSMOWm+XIZPtfKAA8jqSsEnKu/J1ISKDUNfN0ZEBirZW8u/uf1Exg23JSHcQIspIuPhonAEOF5XHjAdR4gppoQKrneFdMxkYSCDrWsQ7CXT14lnXrNtmr2fb3SvCniKKFTdIYukI2uUBPdoRZqI4qe0St6Rx/Gi/FmfBqzReuaUcycoD8wvn8AGuSiyQ==</latexit><latexit sha1_base64="ZH9oYi0rVkMi5L/Ccs9JycpNU+U=">AAACIXicbVDLSsNAFJ34rPUVdelmsBUEoSTd2I1QdOOygn1AE8NkOm2HTh7M3Agl 5Ffc+CtuXCjSnfgzTtMstPXAhcM5987ce/xYcAWW9WWsrW9sbm2Xdsq7e/sHh+bRcUdFiaSsTSMRyZ5PFBM8ZG3gIFgvlowEvmBdf3I797tPTCoehQ8wjZkbkFHIh5wS0JJnNlInfySVbJBhBwBLRrNq33LxJXZUEngpv7ayx3SiXSLiMfG4NqvYMytWzcqBV4ldkAoq0PLMmTOIaBKwEKggSvVtKwY3JRI4FSw rO4liMaETMmJ9TUMSMOWm+XIZPtfKAA8jqSsEnKu/J1ISKDUNfN0ZEBirZW8u/uf1Exg23JSHcQIspIuPhonAEOF5XHjAdR4gppoQKrneFdMxkYSCDrWsQ7CXT14lnXrNtmr2fb3SvCniKKFTdIYukI2uUBPdoRZqI4qe0St6Rx/Gi/FmfBqzReuaUcycoD8wvn8AGuSiyQ==</latexit><latexit sha1_base64="ZH9oYi0rVkMi5L/Ccs9JycpNU+U=">AAACIXicbVDLSsNAFJ34rPUVdelmsBUEoSTd2I1QdOOygn1AE8NkOm2HTh7M3Agl 5Ffc+CtuXCjSnfgzTtMstPXAhcM5987ce/xYcAWW9WWsrW9sbm2Xdsq7e/sHh+bRcUdFiaSsTSMRyZ5PFBM8ZG3gIFgvlowEvmBdf3I797tPTCoehQ8wjZkbkFHIh5wS0JJnNlInfySVbJBhBwBLRrNq33LxJXZUEngpv7ayx3SiXSLiMfG4NqvYMytWzcqBV4ldkAoq0PLMmTOIaBKwEKggSvVtKwY3JRI4FSw rO4liMaETMmJ9TUMSMOWm+XIZPtfKAA8jqSsEnKu/J1ISKDUNfN0ZEBirZW8u/uf1Exg23JSHcQIspIuPhonAEOF5XHjAdR4gppoQKrneFdMxkYSCDrWsQ7CXT14lnXrNtmr2fb3SvCniKKFTdIYukI2uUBPdoRZqI4qe0St6Rx/Gi/FmfBqzReuaUcycoD8wvn8AGuSiyQ==</latexit>
max
<latexit sha1_base64="N7EWMjity4olA7swJbx8Gj1EfRw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4AmlMl02g6dScLMjVhC f8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKSLeQoGSdxPNqQol74ST29zvPHJtRBw94DThgaKjSAwFo2gl31cUxwIzRZ9m/WrNrbtzkFXiFaQGBZr96pc/iFmqeIRMUmN6nptgkFGNgkk+q/ip4QllEzriPUsjqrgJsnnmGTmzyoAMY21fhGSu/t7 IqDJmqkI7mWc0y14u/uf1UhxeB5mIkhR5xBaHhqkkGJO8ADIQmjOUU0so08JmJWxMNWVoa6rYErzlL6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBgwSe4RXenNR5cd6dj8VoySl2juEPnM8fqFySEw==</latexit><latexit sha1_base64="N7EWMjity4olA7swJbx8Gj1EfRw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4AmlMl02g6dScLMjVhC f8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKSLeQoGSdxPNqQol74ST29zvPHJtRBw94DThgaKjSAwFo2gl31cUxwIzRZ9m/WrNrbtzkFXiFaQGBZr96pc/iFmqeIRMUmN6nptgkFGNgkk+q/ip4QllEzriPUsjqrgJsnnmGTmzyoAMY21fhGSu/t7 IqDJmqkI7mWc0y14u/uf1UhxeB5mIkhR5xBaHhqkkGJO8ADIQmjOUU0so08JmJWxMNWVoa6rYErzlL6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBgwSe4RXenNR5cd6dj8VoySl2juEPnM8fqFySEw==</latexit><latexit sha1_base64="N7EWMjity4olA7swJbx8Gj1EfRw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4AmlMl02g6dScLMjVhC f8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKSLeQoGSdxPNqQol74ST29zvPHJtRBw94DThgaKjSAwFo2gl31cUxwIzRZ9m/WrNrbtzkFXiFaQGBZr96pc/iFmqeIRMUmN6nptgkFGNgkk+q/ip4QllEzriPUsjqrgJsnnmGTmzyoAMY21fhGSu/t7 IqDJmqkI7mWc0y14u/uf1UhxeB5mIkhR5xBaHhqkkGJO8ADIQmjOUU0so08JmJWxMNWVoa6rYErzlL6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBgwSe4RXenNR5cd6dj8VoySl2juEPnM8fqFySEw==</latexit><latexit sha1_base64="N7EWMjity4olA7swJbx8Gj1EfRw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4AmlMl02g6dScLMjVhC f8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKSLeQoGSdxPNqQol74ST29zvPHJtRBw94DThgaKjSAwFo2gl31cUxwIzRZ9m/WrNrbtzkFXiFaQGBZr96pc/iFmqeIRMUmN6nptgkFGNgkk+q/ip4QllEzriPUsjqrgJsnnmGTmzyoAMY21fhGSu/t7 IqDJmqkI7mWc0y14u/uf1UhxeB5mIkhR5xBaHhqkkGJO8ADIQmjOUU0so08JmJWxMNWVoa6rYErzlL6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBgwSe4RXenNR5cd6dj8VoySl2juEPnM8fqFySEw==</latexit>
max
<latexit sha1_base64="N7EWMjity4olA7swJbx8Gj1EfRw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4AmlMl02g6dScLMjVhC f8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKSLeQoGSdxPNqQol74ST29zvPHJtRBw94DThgaKjSAwFo2gl31cUxwIzRZ9m/WrNrbtzkFXiFaQGBZr96pc/iFmqeIRMUmN6nptgkFGNgkk+q/ip4QllEzriPUsjqrgJsnnmGTmzyoAMY21fhGSu/t7 IqDJmqkI7mWc0y14u/uf1UhxeB5mIkhR5xBaHhqkkGJO8ADIQmjOUU0so08JmJWxMNWVoa6rYErzlL6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBgwSe4RXenNR5cd6dj8VoySl2juEPnM8fqFySEw==</latexit><latexit sha1_base64="N7EWMjity4olA7swJbx8Gj1EfRw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4AmlMl02g6dScLMjVhC f8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKSLeQoGSdxPNqQol74ST29zvPHJtRBw94DThgaKjSAwFo2gl31cUxwIzRZ9m/WrNrbtzkFXiFaQGBZr96pc/iFmqeIRMUmN6nptgkFGNgkk+q/ip4QllEzriPUsjqrgJsnnmGTmzyoAMY21fhGSu/t7 IqDJmqkI7mWc0y14u/uf1UhxeB5mIkhR5xBaHhqkkGJO8ADIQmjOUU0so08JmJWxMNWVoa6rYErzlL6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBgwSe4RXenNR5cd6dj8VoySl2juEPnM8fqFySEw==</latexit><latexit sha1_base64="N7EWMjity4olA7swJbx8Gj1EfRw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4AmlMl02g6dScLMjVhC f8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKSLeQoGSdxPNqQol74ST29zvPHJtRBw94DThgaKjSAwFo2gl31cUxwIzRZ9m/WrNrbtzkFXiFaQGBZr96pc/iFmqeIRMUmN6nptgkFGNgkk+q/ip4QllEzriPUsjqrgJsnnmGTmzyoAMY21fhGSu/t7 IqDJmqkI7mWc0y14u/uf1UhxeB5mIkhR5xBaHhqkkGJO8ADIQmjOUU0so08JmJWxMNWVoa6rYErzlL6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBgwSe4RXenNR5cd6dj8VoySl2juEPnM8fqFySEw==</latexit><latexit sha1_base64="N7EWMjity4olA7swJbx8Gj1EfRw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4AmlMl02g6dScLMjVhC f8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKSLeQoGSdxPNqQol74ST29zvPHJtRBw94DThgaKjSAwFo2gl31cUxwIzRZ9m/WrNrbtzkFXiFaQGBZr96pc/iFmqeIRMUmN6nptgkFGNgkk+q/ip4QllEzriPUsjqrgJsnnmGTmzyoAMY21fhGSu/t7 IqDJmqkI7mWc0y14u/uf1UhxeB5mIkhR5xBaHhqkkGJO8ADIQmjOUU0so08JmJWxMNWVoa6rYErzlL6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBgwSe4RXenNR5cd6dj8VoySl2juEPnM8fqFySEw==</latexit>
mtl rec
<latexit sha1_base64="6054GPbilgycEGq/eREiyrcMmj8=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYXEVCVdYKxgYSwSfUhNFDmO01p1HrJvkKoo Awu/wsIAQqx8BBt/g5tmgJYjWTo65z58j58KrsCyvo3axubW9k59t7G3f3B4ZB6fDFSSScr6NBGJHPlEMcFj1gcOgo1SyUjkCzb0ZzcLf/jApOJJfA/zlLkRmcQ85JSAljyzmTvlkFyyoMAOAI5AOJ5ktMCe2bLaVgm8TuyKtFCFnmd+OUFCs4jFQAVRamxbKbg5kcCpYEXDyRRLCZ2RCRtrGpOIKTcv9xf4XCs BDhOpXwy4VH935CRSah75ujIiMFWr3kL8zxtnEF65OY/TDFhMl4vCTGBI8CIRHHB9LYi5JoRKrv+K6ZRIQkHn1tAh2Ksnr5NBp21bbfuu0+peV3HUUROdoQtko0vURbeoh/qIokf0jF7Rm/FkvBjvxseytGZUPafoD4zPH/YhmEM=</latexit><latexit sha1_base64="6054GPbilgycEGq/eREiyrcMmj8=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYXEVCVdYKxgYSwSfUhNFDmO01p1HrJvkKoo Awu/wsIAQqx8BBt/g5tmgJYjWTo65z58j58KrsCyvo3axubW9k59t7G3f3B4ZB6fDFSSScr6NBGJHPlEMcFj1gcOgo1SyUjkCzb0ZzcLf/jApOJJfA/zlLkRmcQ85JSAljyzmTvlkFyyoMAOAI5AOJ5ktMCe2bLaVgm8TuyKtFCFnmd+OUFCs4jFQAVRamxbKbg5kcCpYEXDyRRLCZ2RCRtrGpOIKTcv9xf4XCs BDhOpXwy4VH935CRSah75ujIiMFWr3kL8zxtnEF65OY/TDFhMl4vCTGBI8CIRHHB9LYi5JoRKrv+K6ZRIQkHn1tAh2Ksnr5NBp21bbfuu0+peV3HUUROdoQtko0vURbeoh/qIokf0jF7Rm/FkvBjvxseytGZUPafoD4zPH/YhmEM=</latexit><latexit sha1_base64="6054GPbilgycEGq/eREiyrcMmj8=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYXEVCVdYKxgYSwSfUhNFDmO01p1HrJvkKoo Awu/wsIAQqx8BBt/g5tmgJYjWTo65z58j58KrsCyvo3axubW9k59t7G3f3B4ZB6fDFSSScr6NBGJHPlEMcFj1gcOgo1SyUjkCzb0ZzcLf/jApOJJfA/zlLkRmcQ85JSAljyzmTvlkFyyoMAOAI5AOJ5ktMCe2bLaVgm8TuyKtFCFnmd+OUFCs4jFQAVRamxbKbg5kcCpYEXDyRRLCZ2RCRtrGpOIKTcv9xf4XCs BDhOpXwy4VH935CRSah75ujIiMFWr3kL8zxtnEF65OY/TDFhMl4vCTGBI8CIRHHB9LYi5JoRKrv+K6ZRIQkHn1tAh2Ksnr5NBp21bbfuu0+peV3HUUROdoQtko0vURbeoh/qIokf0jF7Rm/FkvBjvxseytGZUPafoD4zPH/YhmEM=</latexit><latexit sha1_base64="6054GPbilgycEGq/eREiyrcMmj8=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYXEVCVdYKxgYSwSfUhNFDmO01p1HrJvkKoo Awu/wsIAQqx8BBt/g5tmgJYjWTo65z58j58KrsCyvo3axubW9k59t7G3f3B4ZB6fDFSSScr6NBGJHPlEMcFj1gcOgo1SyUjkCzb0ZzcLf/jApOJJfA/zlLkRmcQ85JSAljyzmTvlkFyyoMAOAI5AOJ5ktMCe2bLaVgm8TuyKtFCFnmd+OUFCs4jFQAVRamxbKbg5kcCpYEXDyRRLCZ2RCRtrGpOIKTcv9xf4XCs BDhOpXwy4VH935CRSah75ujIiMFWr3kL8zxtnEF65OY/TDFhMl4vCTGBI8CIRHHB9LYi5JoRKrv+K6ZRIQkHn1tAh2Ksnr5NBp21bbfuu0+peV3HUUROdoQtko0vURbeoh/qIokf0jF7Rm/FkvBjvxseytGZUPafoD4zPH/YhmEM=</latexit>
loo
p
k
<latexit sha1_base64="4LaMNe1PwQqvaXfoPkf6lXKZrLc=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4WrKtYr0VvXisYD+gXUo2zbax2c2SZIWy9D948aCIV/+PN/+NabuCij4YeL w3w8y8IBFcG4w/nKXlldW19cJGcXNre2e3tLff0jJVlDWpFFJ1AqKZ4DFrGm4E6ySKkSgQrB2Mr2Z++54pzWV8ayYJ8yMyjHnIKTFWagkpEzTul8rYxXMg7J6dYlyrWlKpetXaBfJyqww5Gv3Se28gaRqx2FBBtO56ODF+RpThVLBpsZdqlhA6JkPWtTQmEdN+Nr92io6tMkChVLZig+bq94mMRFpPosB2RsSM9G9vJv7ldVMT1vyMx0lqWEwXi8JUICPR7HU04IpRIyaWEKq4vRXR EVGEGhtQ0Ybw9Sn6n7Qqrodd76ZSrl/mcRTgEI7gBDw4hzpcQwOaQOEOHuAJnh3pPDovzuuidcnJZw7gB5y3T6DEjyc=</latexit><latexit sha1_base64="4LaMNe1PwQqvaXfoPkf6lXKZrLc=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4WrKtYr0VvXisYD+gXUo2zbax2c2SZIWy9D948aCIV/+PN/+NabuCij4YeL w3w8y8IBFcG4w/nKXlldW19cJGcXNre2e3tLff0jJVlDWpFFJ1AqKZ4DFrGm4E6ySKkSgQrB2Mr2Z++54pzWV8ayYJ8yMyjHnIKTFWagkpEzTul8rYxXMg7J6dYlyrWlKpetXaBfJyqww5Gv3Se28gaRqx2FBBtO56ODF+RpThVLBpsZdqlhA6JkPWtTQmEdN+Nr92io6tMkChVLZig+bq94mMRFpPosB2RsSM9G9vJv7ldVMT1vyMx0lqWEwXi8JUICPR7HU04IpRIyaWEKq4vRXR EVGEGhtQ0Ybw9Sn6n7Qqrodd76ZSrl/mcRTgEI7gBDw4hzpcQwOaQOEOHuAJnh3pPDovzuuidcnJZw7gB5y3T6DEjyc=</latexit><latexit sha1_base64="4LaMNe1PwQqvaXfoPkf6lXKZrLc=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4WrKtYr0VvXisYD+gXUo2zbax2c2SZIWy9D948aCIV/+PN/+NabuCij4YeL w3w8y8IBFcG4w/nKXlldW19cJGcXNre2e3tLff0jJVlDWpFFJ1AqKZ4DFrGm4E6ySKkSgQrB2Mr2Z++54pzWV8ayYJ8yMyjHnIKTFWagkpEzTul8rYxXMg7J6dYlyrWlKpetXaBfJyqww5Gv3Se28gaRqx2FBBtO56ODF+RpThVLBpsZdqlhA6JkPWtTQmEdN+Nr92io6tMkChVLZig+bq94mMRFpPosB2RsSM9G9vJv7ldVMT1vyMx0lqWEwXi8JUICPR7HU04IpRIyaWEKq4vRXR EVGEGhtQ0Ybw9Sn6n7Qqrodd76ZSrl/mcRTgEI7gBDw4hzpcQwOaQOEOHuAJnh3pPDovzuuidcnJZw7gB5y3T6DEjyc=</latexit><latexit sha1_base64="4LaMNe1PwQqvaXfoPkf6lXKZrLc=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4WrKtYr0VvXisYD+gXUo2zbax2c2SZIWy9D948aCIV/+PN/+NabuCij4YeL w3w8y8IBFcG4w/nKXlldW19cJGcXNre2e3tLff0jJVlDWpFFJ1AqKZ4DFrGm4E6ySKkSgQrB2Mr2Z++54pzWV8ayYJ8yMyjHnIKTFWagkpEzTul8rYxXMg7J6dYlyrWlKpetXaBfJyqww5Gv3Se28gaRqx2FBBtO56ODF+RpThVLBpsZdqlhA6JkPWtTQmEdN+Nr92io6tMkChVLZig+bq94mMRFpPosB2RsSM9G9vJv7ldVMT1vyMx0lqWEwXi8JUICPR7HU04IpRIyaWEKq4vRXR EVGEGhtQ0Ybw9Sn6n7Qqrodd76ZSrl/mcRTgEI7gBDw4hzpcQwOaQOEOHuAJnh3pPDovzuuidcnJZw7gB5y3T6DEjyc=</latexit>
lo
op
1
<latexit sha1_base64="9F0FBuYn9G9nb72HOngR6S+nnR0=">AAAB7XicdVBNSwMxEJ2tX7V+VT16CRbB05JtFeut6MVjBfsB7VKyabaNZjdLkhXK0v/gxYMiXv0/3vw3pu0KKvpg4PHeDDPzgkRwbTD+cApLyyura8X10sbm1vZOeXevrWWqKGtRKaTqBkQzwWPWMtwI1k0UI1EgWCe4u5z5nXumNJfxjZkkzI/IKOYhp8RYqS2kTJA3KFewi+dA2D09wbhes6Ra82r1c+TlVgVyNAfl9/5Q0jRisaGCaN3zcGL8j CjDqWDTUj/VLCH0joxYz9KYREz72fzaKTqyyhCFUtmKDZqr3ycyEmk9iQLbGREz1r+9mfiX10tNWPczHiepYTFdLApTgYxEs9fRkCtGjZhYQqji9lZEx0QRamxAJRvC16fof9Kuuh52vetqpXGRx1GEAziEY/DgDBpwBU1oAYVbeIAneHak8+i8OK+L1oKTz+zDDzhvn0jcju0=</latexit><latexit sha1_base64="9F0FBuYn9G9nb72HOngR6S+nnR0=">AAAB7XicdVBNSwMxEJ2tX7V+VT16CRbB05JtFeut6MVjBfsB7VKyabaNZjdLkhXK0v/gxYMiXv0/3vw3pu0KKvpg4PHeDDPzgkRwbTD+cApLyyura8X10sbm1vZOeXevrWWqKGtRKaTqBkQzwWPWMtwI1k0UI1EgWCe4u5z5nXumNJfxjZkkzI/IKOYhp8RYqS2kTJA3KFewi+dA2D09wbhes6Ra82r1c+TlVgVyNAfl9/5Q0jRisaGCaN3zcGL8j CjDqWDTUj/VLCH0joxYz9KYREz72fzaKTqyyhCFUtmKDZqr3ycyEmk9iQLbGREz1r+9mfiX10tNWPczHiepYTFdLApTgYxEs9fRkCtGjZhYQqji9lZEx0QRamxAJRvC16fof9Kuuh52vetqpXGRx1GEAziEY/DgDBpwBU1oAYVbeIAneHak8+i8OK+L1oKTz+zDDzhvn0jcju0=</latexit><latexit sha1_base64="9F0FBuYn9G9nb72HOngR6S+nnR0=">AAAB7XicdVBNSwMxEJ2tX7V+VT16CRbB05JtFeut6MVjBfsB7VKyabaNZjdLkhXK0v/gxYMiXv0/3vw3pu0KKvpg4PHeDDPzgkRwbTD+cApLyyura8X10sbm1vZOeXevrWWqKGtRKaTqBkQzwWPWMtwI1k0UI1EgWCe4u5z5nXumNJfxjZkkzI/IKOYhp8RYqS2kTJA3KFewi+dA2D09wbhes6Ra82r1c+TlVgVyNAfl9/5Q0jRisaGCaN3zcGL8j CjDqWDTUj/VLCH0joxYz9KYREz72fzaKTqyyhCFUtmKDZqr3ycyEmk9iQLbGREz1r+9mfiX10tNWPczHiepYTFdLApTgYxEs9fRkCtGjZhYQqji9lZEx0QRamxAJRvC16fof9Kuuh52vetqpXGRx1GEAziEY/DgDBpwBU1oAYVbeIAneHak8+i8OK+L1oKTz+zDDzhvn0jcju0=</latexit><latexit sha1_base64="9F0FBuYn9G9nb72HOngR6S+nnR0=">AAAB7XicdVBNSwMxEJ2tX7V+VT16CRbB05JtFeut6MVjBfsB7VKyabaNZjdLkhXK0v/gxYMiXv0/3vw3pu0KKvpg4PHeDDPzgkRwbTD+cApLyyura8X10sbm1vZOeXevrWWqKGtRKaTqBkQzwWPWMtwI1k0UI1EgWCe4u5z5nXumNJfxjZkkzI/IKOYhp8RYqS2kTJA3KFewi+dA2D09wbhes6Ra82r1c+TlVgVyNAfl9/5Q0jRisaGCaN3zcGL8j CjDqWDTUj/VLCH0joxYz9KYREz72fzaKTqyyhCFUtmKDZqr3ycyEmk9iQLbGREz1r+9mfiX10tNWPczHiepYTFdLApTgYxEs9fRkCtGjZhYQqji9lZEx0QRamxAJRvC16fof9Kuuh52vetqpXGRx1GEAziEY/DgDBpwBU1oAYVbeIAneHak8+i8OK+L1oKTz+zDDzhvn0jcju0=</latexit>
rec[m  1]
+ ↵0[m  1]
<latexit sha1_base64="DCjWlECldMr3t2ysJ7UAhQFDtrM=">AAACInicbVDNS8MwHE3n15xfVY9egpsgiKPdRb0NvXic4D6gLSVN0y0sTUuSCqPs b/Hiv+LFg6KeBP8Ys64H3XwQeLzf18sLUkalsqwvo7Kyura+Ud2sbW3v7O6Z+wc9mWQCky5OWCIGAZKEUU66iipGBqkgKA4Y6Qfjm1m9/0CEpAm/V5OUeDEachpRjJSWfPPK5QnlIeEK5m6xLhcknEJXKSgInjac+Nz2oOueQRexdIR8q1Aa0DfrVtMqAJeJXZI6KNHxzQ83THAW61uYISkd20qVlyOhKGZkWnM zSVKEx2hIHE05ion08sLTFJ5oJYRRIvTTXgv190SOYikncaA7Y6RGcrE2E/+rOZmKLr2c8jRThOP5oShjUCVwlhcMqY5BsYkmCAuqvUI8QgJhpVOt6RDsxS8vk16raVtN+65Vb1+XcVTBETgGp8AGF6ANbkEHdAEGj+AZvII348l4Md6Nz3lrxShnDsEfGN8/E5SipA==</latexit><latexit sha1_base64="DCjWlECldMr3t2ysJ7UAhQFDtrM=">AAACInicbVDNS8MwHE3n15xfVY9egpsgiKPdRb0NvXic4D6gLSVN0y0sTUuSCqPs b/Hiv+LFg6KeBP8Ys64H3XwQeLzf18sLUkalsqwvo7Kyura+Ud2sbW3v7O6Z+wc9mWQCky5OWCIGAZKEUU66iipGBqkgKA4Y6Qfjm1m9/0CEpAm/V5OUeDEachpRjJSWfPPK5QnlIeEK5m6xLhcknEJXKSgInjac+Nz2oOueQRexdIR8q1Aa0DfrVtMqAJeJXZI6KNHxzQ83THAW61uYISkd20qVlyOhKGZkWnM zSVKEx2hIHE05ion08sLTFJ5oJYRRIvTTXgv190SOYikncaA7Y6RGcrE2E/+rOZmKLr2c8jRThOP5oShjUCVwlhcMqY5BsYkmCAuqvUI8QgJhpVOt6RDsxS8vk16raVtN+65Vb1+XcVTBETgGp8AGF6ANbkEHdAEGj+AZvII348l4Md6Nz3lrxShnDsEfGN8/E5SipA==</latexit><latexit sha1_base64="DCjWlECldMr3t2ysJ7UAhQFDtrM=">AAACInicbVDNS8MwHE3n15xfVY9egpsgiKPdRb0NvXic4D6gLSVN0y0sTUuSCqPs b/Hiv+LFg6KeBP8Ys64H3XwQeLzf18sLUkalsqwvo7Kyura+Ud2sbW3v7O6Z+wc9mWQCky5OWCIGAZKEUU66iipGBqkgKA4Y6Qfjm1m9/0CEpAm/V5OUeDEachpRjJSWfPPK5QnlIeEK5m6xLhcknEJXKSgInjac+Nz2oOueQRexdIR8q1Aa0DfrVtMqAJeJXZI6KNHxzQ83THAW61uYISkd20qVlyOhKGZkWnM zSVKEx2hIHE05ion08sLTFJ5oJYRRIvTTXgv190SOYikncaA7Y6RGcrE2E/+rOZmKLr2c8jRThOP5oShjUCVwlhcMqY5BsYkmCAuqvUI8QgJhpVOt6RDsxS8vk16raVtN+65Vb1+XcVTBETgGp8AGF6ANbkEHdAEGj+AZvII348l4Md6Nz3lrxShnDsEfGN8/E5SipA==</latexit><latexit sha1_base64="DCjWlECldMr3t2ysJ7UAhQFDtrM=">AAACInicbVDNS8MwHE3n15xfVY9egpsgiKPdRb0NvXic4D6gLSVN0y0sTUuSCqPs b/Hiv+LFg6KeBP8Ys64H3XwQeLzf18sLUkalsqwvo7Kyura+Ud2sbW3v7O6Z+wc9mWQCky5OWCIGAZKEUU66iipGBqkgKA4Y6Qfjm1m9/0CEpAm/V5OUeDEachpRjJSWfPPK5QnlIeEK5m6xLhcknEJXKSgInjac+Nz2oOueQRexdIR8q1Aa0DfrVtMqAJeJXZI6KNHxzQ83THAW61uYISkd20qVlyOhKGZkWnM zSVKEx2hIHE05ion08sLTFJ5oJYRRIvTTXgv190SOYikncaA7Y6RGcrE2E/+rOZmKLr2c8jRThOP5oShjUCVwlhcMqY5BsYkmCAuqvUI8QgJhpVOt6RDsxS8vk16raVtN+65Vb1+XcVTBETgGp8AGF6ANbkEHdAEGj+AZvII348l4Md6Nz3lrxShnDsEfGN8/E5SipA==</latexit>
(a)
<latexit sha1_base64="15ExEL9vFF4mqPPpuoRUAyFFsHU=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3CXRsugjWVE8wHJEfY2e8mSvb1jd04IR36CjYUitv4iO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqEacJ 9yM6UiIUjKKVHqr0clCuuDV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXa55b8+7rlcZNHkcRzuAcquDBFTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP4gLjUg=</latexit><latexit sha1_base64="15ExEL9vFF4mqPPpuoRUAyFFsHU=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3CXRsugjWVE8wHJEfY2e8mSvb1jd04IR36CjYUitv4iO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqEacJ 9yM6UiIUjKKVHqr0clCuuDV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXa55b8+7rlcZNHkcRzuAcquDBFTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP4gLjUg=</latexit><latexit sha1_base64="15ExEL9vFF4mqPPpuoRUAyFFsHU=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3CXRsugjWVE8wHJEfY2e8mSvb1jd04IR36CjYUitv4iO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqEacJ 9yM6UiIUjKKVHqr0clCuuDV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXa55b8+7rlcZNHkcRzuAcquDBFTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP4gLjUg=</latexit><latexit sha1_base64="15ExEL9vFF4mqPPpuoRUAyFFsHU=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3CXRsugjWVE8wHJEfY2e8mSvb1jd04IR36CjYUitv4iO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqEacJ 9yM6UiIUjKKVHqr0clCuuDV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXa55b8+7rlcZNHkcRzuAcquDBFTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP4gLjUg=</latexit>
(b)
<latexit sha1_base64="A3/nS2rLohv9Q9aqPU4UtET9Omk=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3CXRsugjWVE8wHJEfY2e8mSvb1jd04IR36CjYUitv4iO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqEacJ 9yM6UiIUjKKVHqrB5aBccWvuAmSdeDmpQI7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFqTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDK/9TKgkRa7YclGYSoIxmf9NhkJzhnJqCWVa2FsJG1NNGdp0SjYEb/XlddKu1zy35t3XK42bPI4inME5VMGDK2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwCJkI1J</latexit><latexit sha1_base64="A3/nS2rLohv9Q9aqPU4UtET9Omk=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3CXRsugjWVE8wHJEfY2e8mSvb1jd04IR36CjYUitv4iO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqEacJ 9yM6UiIUjKKVHqrB5aBccWvuAmSdeDmpQI7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFqTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDK/9TKgkRa7YclGYSoIxmf9NhkJzhnJqCWVa2FsJG1NNGdp0SjYEb/XlddKu1zy35t3XK42bPI4inME5VMGDK2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwCJkI1J</latexit><latexit sha1_base64="A3/nS2rLohv9Q9aqPU4UtET9Omk=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3CXRsugjWVE8wHJEfY2e8mSvb1jd04IR36CjYUitv4iO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqEacJ 9yM6UiIUjKKVHqrB5aBccWvuAmSdeDmpQI7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFqTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDK/9TKgkRa7YclGYSoIxmf9NhkJzhnJqCWVa2FsJG1NNGdp0SjYEb/XlddKu1zy35t3XK42bPI4inME5VMGDK2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwCJkI1J</latexit><latexit sha1_base64="A3/nS2rLohv9Q9aqPU4UtET9Omk=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3CXRsugjWVE8wHJEfY2e8mSvb1jd04IR36CjYUitv4iO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqEacJ 9yM6UiIUjKKVHqrB5aBccWvuAmSdeDmpQI7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFqTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDK/9TKgkRa7YclGYSoIxmf9NhkJzhnJqCWVa2FsJG1NNGdp0SjYEb/XlddKu1zy35t3XK42bPI4inME5VMGDK2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwCJkI1J</latexit>
Parallel join
<latexit sha1_base64="kVTpqzFqYn8pPmGsOCXTt/olFAg=">AAACBXicbVC7TsMwFHV4lvIKMMJgUSExVUkXmFAlFsYi0YfURJXj3LSmjh3ZDlJVdWHhV1gYQIiVf2Djb3DbDNByJEtH59x7fe+JMs608bxvZ2V1bX1js7RV3t7Z3dt3Dw5bWuaKQpNKLlUnIho4E9A0zHDoZApIGnFoR8Prqd9+AKWZFHdm lEGYkr5gCaPEWKnnngRCMhGDMDjQCW4QRTgHju+tintuxat6M+Bl4hekggo0eu5XEEuap3Yc5UTrru9lJhwTZRjlMCkHuYaM0CHpQ9dSQVLQ4Xh2xQSfWSXGiVT22XVm6u+OMUm1HqWRrUyJGehFbyr+53Vzk1yGYyay3ICg84+SnGMj8TQSHDMF1PCRJYQqZnfFdGCDoMYGV7Yh+IsnL5NWrep7Vf+2VqlfFXGU0DE6RefIRxeojm5QAzURRY/oGb2iN+fJeXHenY956YpT9ByhP3A+fwC725gK</latexit><latexit sha1_base64="kVTpqzFqYn8pPmGsOCXTt/olFAg=">AAACBXicbVC7TsMwFHV4lvIKMMJgUSExVUkXmFAlFsYi0YfURJXj3LSmjh3ZDlJVdWHhV1gYQIiVf2Djb3DbDNByJEtH59x7fe+JMs608bxvZ2V1bX1js7RV3t7Z3dt3Dw5bWuaKQpNKLlUnIho4E9A0zHDoZApIGnFoR8Prqd9+AKWZFHdm lEGYkr5gCaPEWKnnngRCMhGDMDjQCW4QRTgHju+tintuxat6M+Bl4hekggo0eu5XEEuap3Yc5UTrru9lJhwTZRjlMCkHuYaM0CHpQ9dSQVLQ4Xh2xQSfWSXGiVT22XVm6u+OMUm1HqWRrUyJGehFbyr+53Vzk1yGYyay3ICg84+SnGMj8TQSHDMF1PCRJYQqZnfFdGCDoMYGV7Yh+IsnL5NWrep7Vf+2VqlfFXGU0DE6RefIRxeojm5QAzURRY/oGb2iN+fJeXHenY956YpT9ByhP3A+fwC725gK</latexit><latexit sha1_base64="kVTpqzFqYn8pPmGsOCXTt/olFAg=">AAACBXicbVC7TsMwFHV4lvIKMMJgUSExVUkXmFAlFsYi0YfURJXj3LSmjh3ZDlJVdWHhV1gYQIiVf2Djb3DbDNByJEtH59x7fe+JMs608bxvZ2V1bX1js7RV3t7Z3dt3Dw5bWuaKQpNKLlUnIho4E9A0zHDoZApIGnFoR8Prqd9+AKWZFHdm lEGYkr5gCaPEWKnnngRCMhGDMDjQCW4QRTgHju+tintuxat6M+Bl4hekggo0eu5XEEuap3Yc5UTrru9lJhwTZRjlMCkHuYaM0CHpQ9dSQVLQ4Xh2xQSfWSXGiVT22XVm6u+OMUm1HqWRrUyJGehFbyr+53Vzk1yGYyay3ICg84+SnGMj8TQSHDMF1PCRJYQqZnfFdGCDoMYGV7Yh+IsnL5NWrep7Vf+2VqlfFXGU0DE6RefIRxeojm5QAzURRY/oGb2iN+fJeXHenY956YpT9ByhP3A+fwC725gK</latexit><latexit sha1_base64="kVTpqzFqYn8pPmGsOCXTt/olFAg=">AAACBXicbVC7TsMwFHV4lvIKMMJgUSExVUkXmFAlFsYi0YfURJXj3LSmjh3ZDlJVdWHhV1gYQIiVf2Djb3DbDNByJEtH59x7fe+JMs608bxvZ2V1bX1js7RV3t7Z3dt3Dw5bWuaKQpNKLlUnIho4E9A0zHDoZApIGnFoR8Prqd9+AKWZFHdm lEGYkr5gCaPEWKnnngRCMhGDMDjQCW4QRTgHju+tintuxat6M+Bl4hekggo0eu5XEEuap3Yc5UTrru9lJhwTZRjlMCkHuYaM0CHpQ9dSQVLQ4Xh2xQSfWSXGiVT22XVm6u+OMUm1HqWRrUyJGehFbyr+53Vzk1yGYyay3ICg84+SnGMj8TQSHDMF1PCRJYQqZnfFdGCDoMYGV7Yh+IsnL5NWrep7Vf+2VqlfFXGU0DE6RefIRxeojm5QAzURRY/oGb2iN+fJeXHenY956YpT9ByhP3A+fwC725gK</latexit>
Sequential unfolding of
maximum top-left rectangle
<latexit sha1_base64="l6mubslANJioQmCOg9aVkD2O8wA=">AAACLnicbVDJSgNBEO1xN25Rj14ag+DFMONFTyKI4FHRqJAJoaanJjb2MvYihuAX efFX9CCoiFc/w07Mwe1BweNVFVXvZaXg1sXxczQyOjY+MTk1XZmZnZtfqC4unVrtDcMG00Kb8wwsCq6w4bgTeF4aBJkJPMsu9/r9s2s0lmt14roltiR0FC84AxekdnU/VZqrHJWjqS3oMV75wDkI6lWhRc5Vh+qCpimlEm649JI6XW4ILBw1yByojkDartbiejwA/UuSIamRIQ7b1cc018zLcIsJsLaZxKVr9cA 4zgTeVlJvsQR2CR1sBqpAom31BnZv6VpQclpoEyr8PVC/b/RAWtuVWZiU4C7s715f/K/X9K7YbvW4Kr1Dxb4OFV4Ex7SfHc1537LoBgLM8PArZRdggLmQcCWEkPy2/JecbtaTuJ4cbdZ2d4ZxTJEVskrWSUK2yC45IIekQRi5Iw/khbxG99FT9Ba9f42ORMOdZfID0ccnm5uo0w==</latexit><latexit sha1_base64="l6mubslANJioQmCOg9aVkD2O8wA=">AAACLnicbVDJSgNBEO1xN25Rj14ag+DFMONFTyKI4FHRqJAJoaanJjb2MvYihuAX efFX9CCoiFc/w07Mwe1BweNVFVXvZaXg1sXxczQyOjY+MTk1XZmZnZtfqC4unVrtDcMG00Kb8wwsCq6w4bgTeF4aBJkJPMsu9/r9s2s0lmt14roltiR0FC84AxekdnU/VZqrHJWjqS3oMV75wDkI6lWhRc5Vh+qCpimlEm649JI6XW4ILBw1yByojkDartbiejwA/UuSIamRIQ7b1cc018zLcIsJsLaZxKVr9cA 4zgTeVlJvsQR2CR1sBqpAom31BnZv6VpQclpoEyr8PVC/b/RAWtuVWZiU4C7s715f/K/X9K7YbvW4Kr1Dxb4OFV4Ex7SfHc1537LoBgLM8PArZRdggLmQcCWEkPy2/JecbtaTuJ4cbdZ2d4ZxTJEVskrWSUK2yC45IIekQRi5Iw/khbxG99FT9Ba9f42ORMOdZfID0ccnm5uo0w==</latexit><latexit sha1_base64="l6mubslANJioQmCOg9aVkD2O8wA=">AAACLnicbVDJSgNBEO1xN25Rj14ag+DFMONFTyKI4FHRqJAJoaanJjb2MvYihuAX efFX9CCoiFc/w07Mwe1BweNVFVXvZaXg1sXxczQyOjY+MTk1XZmZnZtfqC4unVrtDcMG00Kb8wwsCq6w4bgTeF4aBJkJPMsu9/r9s2s0lmt14roltiR0FC84AxekdnU/VZqrHJWjqS3oMV75wDkI6lWhRc5Vh+qCpimlEm649JI6XW4ILBw1yByojkDartbiejwA/UuSIamRIQ7b1cc018zLcIsJsLaZxKVr9cA 4zgTeVlJvsQR2CR1sBqpAom31BnZv6VpQclpoEyr8PVC/b/RAWtuVWZiU4C7s715f/K/X9K7YbvW4Kr1Dxb4OFV4Ex7SfHc1537LoBgLM8PArZRdggLmQcCWEkPy2/JecbtaTuJ4cbdZ2d4ZxTJEVskrWSUK2yC45IIekQRi5Iw/khbxG99FT9Ba9f42ORMOdZfID0ccnm5uo0w==</latexit><latexit sha1_base64="l6mubslANJioQmCOg9aVkD2O8wA=">AAACLnicbVDJSgNBEO1xN25Rj14ag+DFMONFTyKI4FHRqJAJoaanJjb2MvYihuAX efFX9CCoiFc/w07Mwe1BweNVFVXvZaXg1sXxczQyOjY+MTk1XZmZnZtfqC4unVrtDcMG00Kb8wwsCq6w4bgTeF4aBJkJPMsu9/r9s2s0lmt14roltiR0FC84AxekdnU/VZqrHJWjqS3oMV75wDkI6lWhRc5Vh+qCpimlEm649JI6XW4ILBw1yByojkDartbiejwA/UuSIamRIQ7b1cc018zLcIsJsLaZxKVr9cA 4zgTeVlJvsQR2CR1sBqpAom31BnZv6VpQclpoEyr8PVC/b/RAWtuVWZiU4C7s715f/K/X9K7YbvW4Kr1Dxb4OFV4Ex7SfHc1537LoBgLM8PArZRdggLmQcCWEkPy2/JecbtaTuJ4cbdZ2d4ZxTJEVskrWSUK2yC45IIekQRi5Iw/khbxG99FT9Ba9f42ORMOdZfID0ccnm5uo0w==</latexit>
rec[m  1] +Pki=0 ↵i[m  1]
<latexit sha1_base64="0NoTzahstE54pnaIFtFSavBR9oU=">AAACJXicbVBNS8NAEN3Ur1q/qh69LLaCIJakFz0oFL14rGBroYlhs93apbtJ2J0I JeTPePGvePFgEcGTf8Vt2oO2Phh4vDezO/OCWHANtv1lFZaWV1bXiuuljc2t7Z3y7l5bR4mirEUjEalOQDQTPGQt4CBYJ1aMyECw+2B4PfHvn5jSPArvYBQzT5LHkPc5JWAkv3yRuvkjqWK9DLsAWDGaVbvy1PHwCXZ1Iv2UX9rZQzo0PhHxgPg8t6vYL1fsmp0DLxJnRipohqZfHru9iCaShUAF0brr2DF4KVH AqWBZyU00iwkdkkfWNTQkkmkvzRfM8JFRergfKVMh4Fz9PZESqfVIBqZTEhjoeW8i/ud1E+ifeykP4wRYSKcf9ROBIcKTyHCPm0xAjAwhVHGzK6YDoggFE2zJhODMn7xI2vWaY9ec23qlcTWLo4gO0CE6Rg46Qw10g5qohSh6Rq/oHY2tF+vN+rA+p60Fazazj/7A+v4B1yOkJw==</latexit><latexit sha1_base64="0NoTzahstE54pnaIFtFSavBR9oU=">AAACJXicbVBNS8NAEN3Ur1q/qh69LLaCIJakFz0oFL14rGBroYlhs93apbtJ2J0I JeTPePGvePFgEcGTf8Vt2oO2Phh4vDezO/OCWHANtv1lFZaWV1bXiuuljc2t7Z3y7l5bR4mirEUjEalOQDQTPGQt4CBYJ1aMyECw+2B4PfHvn5jSPArvYBQzT5LHkPc5JWAkv3yRuvkjqWK9DLsAWDGaVbvy1PHwCXZ1Iv2UX9rZQzo0PhHxgPg8t6vYL1fsmp0DLxJnRipohqZfHru9iCaShUAF0brr2DF4KVH AqWBZyU00iwkdkkfWNTQkkmkvzRfM8JFRergfKVMh4Fz9PZESqfVIBqZTEhjoeW8i/ud1E+ifeykP4wRYSKcf9ROBIcKTyHCPm0xAjAwhVHGzK6YDoggFE2zJhODMn7xI2vWaY9ec23qlcTWLo4gO0CE6Rg46Qw10g5qohSh6Rq/oHY2tF+vN+rA+p60Fazazj/7A+v4B1yOkJw==</latexit><latexit sha1_base64="0NoTzahstE54pnaIFtFSavBR9oU=">AAACJXicbVBNS8NAEN3Ur1q/qh69LLaCIJakFz0oFL14rGBroYlhs93apbtJ2J0I JeTPePGvePFgEcGTf8Vt2oO2Phh4vDezO/OCWHANtv1lFZaWV1bXiuuljc2t7Z3y7l5bR4mirEUjEalOQDQTPGQt4CBYJ1aMyECw+2B4PfHvn5jSPArvYBQzT5LHkPc5JWAkv3yRuvkjqWK9DLsAWDGaVbvy1PHwCXZ1Iv2UX9rZQzo0PhHxgPg8t6vYL1fsmp0DLxJnRipohqZfHru9iCaShUAF0brr2DF4KVH AqWBZyU00iwkdkkfWNTQkkmkvzRfM8JFRergfKVMh4Fz9PZESqfVIBqZTEhjoeW8i/ud1E+ifeykP4wRYSKcf9ROBIcKTyHCPm0xAjAwhVHGzK6YDoggFE2zJhODMn7xI2vWaY9ec23qlcTWLo4gO0CE6Rg46Qw10g5qohSh6Rq/oHY2tF+vN+rA+p60Fazazj/7A+v4B1yOkJw==</latexit><latexit sha1_base64="0NoTzahstE54pnaIFtFSavBR9oU=">AAACJXicbVBNS8NAEN3Ur1q/qh69LLaCIJakFz0oFL14rGBroYlhs93apbtJ2J0I JeTPePGvePFgEcGTf8Vt2oO2Phh4vDezO/OCWHANtv1lFZaWV1bXiuuljc2t7Z3y7l5bR4mirEUjEalOQDQTPGQt4CBYJ1aMyECw+2B4PfHvn5jSPArvYBQzT5LHkPc5JWAkv3yRuvkjqWK9DLsAWDGaVbvy1PHwCXZ1Iv2UX9rZQzo0PhHxgPg8t6vYL1fsmp0DLxJnRipohqZfHru9iCaShUAF0brr2DF4KVH AqWBZyU00iwkdkkfWNTQkkmkvzRfM8JFRergfKVMh4Fz9PZESqfVIBqZTEhjoeW8i/ud1E+ifeykP4wRYSKcf9ROBIcKTyHCPm0xAjAwhVHGzK6YDoggFE2zJhODMn7xI2vWaY9ec23qlcTWLo4gO0CE6Rg46Qw10g5qohSh6Rq/oHY2tF+vN+rA+p60Fazazj/7A+v4B1yOkJw==</latexit>
rec[0] + max
0i<k
X
0ji
↵j [0]
<latexit sha1_base64="lVIM9T8phwQwv7oJ/v7zU+ONVok=">AAACPHicbVBNSxxBFOzRxJg1mo0ec3lkEQKBZUaE5JDDEi8eDWZV2BmGN71v3 Xa7Z4buN8FlmB/mJT8iN0+55BARr57T+xFINAUNRdWr7teVlVo5DsPrYGX1ydO1Z+vPWxsvNrdetl9tn7iispL6stCFPcvQkVY59VmxprPSEppM02k2OZj5p1/JOlXkX3haUmLwPFcjJZG9lLaPY5MVl3XMDPH8ttrSsAFLshmECbyD2OBlWocQawIFH2HSQOwq80e6WBheRF2OMb3wqbTdCbvhHPCYREv SEUscpe3v8bCQlaGcpUbnBlFYclKjZSU1Na24clSinOA5DTzN0ZBL6vm6Dex6ZQijwvqTM8zVvxM1GuemJvOTBnnsHnoz8X/eoOLRh6RWeVkx5XLx0KjSwAXMmoSh8i2xnnqC0iq/K8gxWpTs+275EqKHX35MTva6UdiNPu93ep+WdayL1+KNeCsi8V70xKE4En0hxZX4IX6Jm+Bb8DO4De4WoyvBMrMj/ kFw/xs0WazQ</latexit><latexit sha1_base64="lVIM9T8phwQwv7oJ/v7zU+ONVok=">AAACPHicbVBNSxxBFOzRxJg1mo0ec3lkEQKBZUaE5JDDEi8eDWZV2BmGN71v3 Xa7Z4buN8FlmB/mJT8iN0+55BARr57T+xFINAUNRdWr7teVlVo5DsPrYGX1ydO1Z+vPWxsvNrdetl9tn7iispL6stCFPcvQkVY59VmxprPSEppM02k2OZj5p1/JOlXkX3haUmLwPFcjJZG9lLaPY5MVl3XMDPH8ttrSsAFLshmECbyD2OBlWocQawIFH2HSQOwq80e6WBheRF2OMb3wqbTdCbvhHPCYREv SEUscpe3v8bCQlaGcpUbnBlFYclKjZSU1Na24clSinOA5DTzN0ZBL6vm6Dex6ZQijwvqTM8zVvxM1GuemJvOTBnnsHnoz8X/eoOLRh6RWeVkx5XLx0KjSwAXMmoSh8i2xnnqC0iq/K8gxWpTs+275EqKHX35MTva6UdiNPu93ep+WdayL1+KNeCsi8V70xKE4En0hxZX4IX6Jm+Bb8DO4De4WoyvBMrMj/ kFw/xs0WazQ</latexit><latexit sha1_base64="lVIM9T8phwQwv7oJ/v7zU+ONVok=">AAACPHicbVBNSxxBFOzRxJg1mo0ec3lkEQKBZUaE5JDDEi8eDWZV2BmGN71v3 Xa7Z4buN8FlmB/mJT8iN0+55BARr57T+xFINAUNRdWr7teVlVo5DsPrYGX1ydO1Z+vPWxsvNrdetl9tn7iispL6stCFPcvQkVY59VmxprPSEppM02k2OZj5p1/JOlXkX3haUmLwPFcjJZG9lLaPY5MVl3XMDPH8ttrSsAFLshmECbyD2OBlWocQawIFH2HSQOwq80e6WBheRF2OMb3wqbTdCbvhHPCYREv SEUscpe3v8bCQlaGcpUbnBlFYclKjZSU1Na24clSinOA5DTzN0ZBL6vm6Dex6ZQijwvqTM8zVvxM1GuemJvOTBnnsHnoz8X/eoOLRh6RWeVkx5XLx0KjSwAXMmoSh8i2xnnqC0iq/K8gxWpTs+275EqKHX35MTva6UdiNPu93ep+WdayL1+KNeCsi8V70xKE4En0hxZX4IX6Jm+Bb8DO4De4WoyvBMrMj/ kFw/xs0WazQ</latexit><latexit sha1_base64="lVIM9T8phwQwv7oJ/v7zU+ONVok=">AAACPHicbVBNSxxBFOzRxJg1mo0ec3lkEQKBZUaE5JDDEi8eDWZV2BmGN71v3 Xa7Z4buN8FlmB/mJT8iN0+55BARr57T+xFINAUNRdWr7teVlVo5DsPrYGX1ydO1Z+vPWxsvNrdetl9tn7iispL6stCFPcvQkVY59VmxprPSEppM02k2OZj5p1/JOlXkX3haUmLwPFcjJZG9lLaPY5MVl3XMDPH8ttrSsAFLshmECbyD2OBlWocQawIFH2HSQOwq80e6WBheRF2OMb3wqbTdCbvhHPCYREv SEUscpe3v8bCQlaGcpUbnBlFYclKjZSU1Na24clSinOA5DTzN0ZBL6vm6Dex6ZQijwvqTM8zVvxM1GuemJvOTBnnsHnoz8X/eoOLRh6RWeVkx5XLx0KjSwAXMmoSh8i2xnnqC0iq/K8gxWpTs+275EqKHX35MTva6UdiNPu93ep+WdayL1+KNeCsi8V70xKE4En0hxZX4IX6Jm+Bb8DO4De4WoyvBMrMj/ kFw/xs0WazQ</latexit>
rec[m  1]+
max
0i<k
X
0ji
↵j [m  1]
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Figure 14. Sequential (a) vs parallel (b) computations.
First, the following proposition, adapted from Theorem
6.2 of [12], indicates that ®s ′ is not relevant to the discovery
of the lifting hˆD′ .
Proposition 8.1. If there exists a ⊙-homomorphic lifting hˆD′
of h, then there exists a ⊛-homomorphic lifting hˆD
′
where for
all c,d ∈ D and c ′,d ′ ∈ D ′, there exists functions θ and θ ′
such that
(c, c ′) ⊛ (d,d ′) = (θ (c,d,d ′),θ ′(c,d, c ′,d ′)).
The significance of Proposition 8.1 is that the value of
the D component of the join result (i.e. θ (c,d,d ′)) need not
depend on the value of the D ′ component of its left input
(i.e. c ′). Interpreting this for equation 5, we conclude that
the value of πD (h(x) ⊙ hˆD′([a1, . . . ,ak ])), only depends on
h(x) and hˆD′([a1, . . . ,ak ]). Therefore, one can imagine an
algorithm that starts from an arbitrary state ®s = h(x) and
tries to guess what hˆD′([a1, . . . ,ak ])) should look like (as in
what D ′ should be) so that such a join exists. Specifically,
there is a function θ such that:
(· · · ((®s ⊕ a1) ⊕ · · · ) ⊕ ak ) = (6)
θ (®s, h([a1, . . . ,ak ]), πD′ ◦ hˆD′([a1, . . . ,ak ]))
and, the third component of θ is the auxiliary computation
that needs to be discovered. Note that θ could stand for the
computation of a loop nest, in contrast to the setting in [12]
where it stood for an expression (i.e. loop-free code), which
means the lifting algorithm in [12] is not applicable and a
new lifting algorithm is required. Equation 6 is the key to our
algorithmic solution. The left hand side corresponds to the
sequential execution and the right hand side corresponds to
a parallel one. Since the join does not have access to the input
(i.e. a1, . . . ,ak ), the value of πD′ ◦ hˆD′([a1, . . . ,ak ]) (i.e. the
extra information in the signature of hˆD′) has to be computed
by the worker threads and passed on to the join.
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Example 8.2. Figure 14 illustrates the two sides of Equation
6 for the maximum top-left rectangle example of Section 2.2.
Variables in red indicate the values of state variables from ®s .
Each α technically should include a field for rec[] and a field
for mtl_rec of the saved states after summarization. But, we
abuse notation and take α[i] to mean α .rec[i] for brevity.
Note that the sequential computation executes k instances of
a loop that iteratesm times to update the value of mtl_rec
variable; one for each row of the original input. However, in
the parallel join, there is budget only for one (or generally
constantly many) of these loops. The two (expression) trees
(a) and (b) correspond to equivalent computations. The tree
(b) is more compact provided that the values of the terms
max0≤i<k
∑
0≤j≤i α j [l] are available (i.e. computed before
the join). These are exactly the auxiliary computation that
are extrapolated, once the left tree (a) is rewritten to the
equivalent right tree (b), and are stored in the max_rec[]
variable in Figure 5(c).
8.2 The Algorithm
If one starts from an arbitrary unfolding of the sequential
computation (i.e. the lefthand side of Equation 6 for an ar-
bitrary k), and attempts to rewrite it to a form that adheres
to the righthand side, then one can extrapolate a guess for
πD′◦hˆD′ from πD′◦hˆD′([a1, . . . ,ak ]). Let us assume an oracle
Normalize performs the left-to-right hand side transforma-
tion, and another oracle Discover-Recursion discovers the
implementation of D ′ components of hˆD′ . The Normalize
oracle transforms an expression into another, while the goal
of Discover-Recursion is to synthesize a function f ′ from the
expression of its unfolding on an input sequence.We propose
heuristic algorithms implementing these two oracles.
The algorithm forNormalize uses (generic) algebraic equal-
ities, applies them step by step until it reaches the desired
form. The key question is, how would the algorithm know
that it has reached its target? To characterize this, we need
to define a normal form for θ .
~
exps expi
Normal form. An expression ec over scalar
variables is in constant normal form if it is of
the form illustrated on the right where exps
is an expression containing only state variables, expi is an
expression of input variables ofa1,a2, . . . ak , and ⊛ stands for
a constant-size expression skeleton consisting of operators
and constants (i.e. no variables).
Definition 8.3. An expression e is in >-recursive normal
form if it is defined recursively using an operator > as e =
ec | ec > e , where ec is in constant normal form (the base
case) and > satisfies the same condition as ⊛.
For example, in Figure 14(b), each leaf of the tree is in
constant normal form, and therefore, the entire tree is in
max-recursive normal form.
The normal form does not have to be unique, and in the
context of parallelization, one aims for the simplest normal
form. Intuitively, the constant normal form corresponds to a
constant time join. The expressions over input variables are
precisely what need to be additionally computed and made
available to the parallel join. However, the parallel join, in
general, may not be constant time and the recursive nature
of the definition addresses this. Note that the definition can
be easily generalized to higher dimensions by replacing the
constant normal form by another recursive normal form
(over a distinct fresh operator, e.g. ?).
Normalization. Implementing an ideal rewriting oracle is
impossible, since the problem of existence of a normal form is
undecidable in the general case (equivalent to the word prob-
lem). There has been a lot of research in the area of rewrite
systems notably for associative and commutative operators
[28, 30] that can inspire several heuristics for normalization.
We employ a cost-based search for the normal form as a
heuristic to workaround the undecidability. Our algorithm
uses a set of standard algebraic equalities as rewrite rules
R and searches for the shortest normal form. The rewrite
rules in R are applied to an expression if they reduce its cost,
and the rewriting process terminates when no rule can be
applied.
Our algorithm operates in two phases. In the first phase, its
goal is to find a constant normal form. If it succeeds, the task
is done (e.g. this is the case for lifting the example from the
introduction). If it fails, the second phase tries to rewrite the
result of the first phase into a recursive normal form. Both
phases perform a cost-based search and are distinguished by
their cost functions. The cost function for the first phase is
defined by the number of occurrences and the depth of the
state variables (of h) in the expression tree. The cost function
is identical to the one from [12], which is no coincidence
since [12] focuses solely on constant normal forms.
In the second phase, the algorithm makes a guess about>, inspired by expression e which is the result of the first
phase, and attempts to rewrite e to a >-recursive normal
form. Since phase one forces ®s (or h(x)) to the lowest possible
depth, operators that appear near the root of expression e are
good candidates for>. The algorithm chooses the simplest>
such that e = ec>e ′, where ec is in constant normal form and
e ′ is an arbitrary expression. For a fixed >, a cost function
is defined. It combines the sum of the sizes of expression
not in constant normal form and the count of expressions in
constant normal form. Formally:
Definition 8.4. The cost function Cost> : Exp→ int × int
relative to operator > returning a pair (size, c>) is defined
by:
Cost>(e) =

Cost>(e1) + Cost>(e2) if e = e1 > e2,
(0, 1) if e is in constant normal form,
(expsize(e), 0) otherwise.
where expsize returns the size of the expression tree.
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Intuitively, the expression is in >-recursive normal form
when it has cost (0, _). Moreover, we are interested in the
normal form with the smallest count of subexpressions in
constant normal form. A rule is applied if it decreases size or,
if it increases c> when size cannot be decreased and size > 0.
In the example of Figure 14, the expression in (a) is initially
in max-recursive normal form with cost (0,km + 1). When
the expression is rewritten in the first phase (using the cost
function from [12]) with the aim of reducing the occurrences
and depths of state variables, the cost goes down, but the nor-
mal form is lost. Since a constant normal form is not reached
at the end of the first phase, the second phase is applied,
using the cost function above, which yields the expression
in Figure 14(b). This expression is in max-recursive normal
form with cost (0,m + 1).
If the process fails to find a normal form for >, then an-
other operator ? is guessed and the process is repeated.
Since the expressions are finite-sized, only a finite number
of guesses are necessary, and the process is guaranteed to
terminate. This simple heuristic is a small part of the contri-
butions of this paper, though it is promisingly effective as
demonstrated in Section 10.
Recursion discovery The normalize heuristic distills the
πD ◦ hˆD′([a1, . . . ,ak ]) part from its input expression, which
we know is required for a join operation to exist. It remains
to discover the recursive (i.e. looped) computation that can
be added to the original program that would produce this
required information. More precisely, the goal of recursion
discovery is to synthesize a function that computes the ex-
pressionuk ≡ πD′◦hˆD′([a1, . . . ,ak ]) for anyk > 0. Recursion
discovery, based on input/output examples, has been previ-
ously studied [25]. Our specific instance of the problem is
simpler and amenable to a simple heuristic solution.
Since uk is recursively (rightward) computable, there is
an operator ⊞ such that uk = uk−1 ⊞ ak for k > 0. If uk−1
and uk are simple expressions, we can extrapolate a hint on
what ⊞ is by identifyinguk−1 as a subexpression ofuk (that is
precisely the subtree isomorphism [38]). In general, however,
uk , uk−1 and ak can be collections of complex expressions;
i.e. lists of expressions as is the case for the example of Sec-
tion 2.2. The solution remains the same, except, we identify
families of subtree isomorphisms. In our implementation,
we simplify the problem further by looking for specific pat-
terns of subtree isomorphisms corresponding to recursion
schemes such as zip, scans or folds. For example, a zip opera-
tor translates to having each expression in uk−1 isomorphic
to a subtree of one expression in uk .
For example, the list of expressionsmax0≤i<k
∑
0≤j≤i α j [l]
(for 0 ≤ l < m) from Figure 14(b) can be computed in an
auxiliary array max_rec[] using a zip operation and the
state variable rec[] as follows:
max_rec = zip (max) rec max_rec.
The next section illustrates how this auxiliary can be found.
9 An extended example
In this section, we go through steps of the automated par-
allelization process for the maximum top-left subarray sum
example of Section 2.2. The goal is to give a good intuition
of how the heuristic algorithms described in this paper work
on an example but not to describe them precisely.
The code is given in Figure 5(a). We call the corresponding
function mtls , which is of type int[][] → int[] × int × int
(before lifting) and the state is a triple of variables SVar =
{rec[], row_sum, mtl_rec}.
9.1 Summarizing the loop nest
The first step in the parallelization process is to synthesize
the summarized loop ((II) in Figure 11). As stated in Section
7, the problem is similar to synthesizing a parallel join with a
few modifications. We explain here how the sketch is gener-
ated and the solution found by the syntax-guided synthesis
solver.
From the code in Figure 5(a) we synthesize the sketch that
corresponds to finding a parallel join for the inner loop, with
the complexity budget that is enforced by the budget for the
summarized function. Remark that for this reason, the sketch
resulting from the application of the compilation function of
Section 7 can be repeated more than a constant number of
times. Since there is a linear variable (rec[]), we will need
a loop on the dimension of this linear variable. The solution
will require a loop of the size of rec[].
Figure 15 presents the sketch for the memoryless join ⊚
and a solution (each hole has been completed). Given the
generic correctness specification φ(⊚, /0д) ≡ ∀d ∈ D,a ∈
int[],G(d)(a) = a ⊚ G(/0д)(a), the sketch and the generic
grammar of Figure 13, the solver finds the solution presented.
int mtl_rec = ??LR;
int rec[] = ??LR;
int row_sum = ??LR;
for(j=0; j < m; j++){
row_sum = ??Rec + ??R;
rec[j] = ??Rec + ??Rec;
mtl_rec = max(??Rec, ??Rec);
}
int mtl_rec = mtl_rec_l;
int rec[] = rec_l[];
int row_sum = 0;
for(j=0; j < m; j++){
row_sum = row_sum + rec_r[j];
rec[j] = rec[j] + rec_r[j];
mtl_rec = max(mtl_rec, rec[j]);
}
Figure 15. Sketch and solution for the memoryless join of
mtls (Sec. 2.2)
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Variables ending by _l are variables from the left input of
the join and the variables ending by _r are the right input
of the join. The identity state /0д is {[0], 0, 0}.
Then, we obtain the summarized loop of Figure 5(b) by re-
moving row_sumwhich is not necessary for the computation
of mtl_rec anymore, and inserting the loop implementing
d ⊚ inner_loop[i] where inner_loop[] is the conceptual
array representing the results of mapping the inner loop
instances to the input. Remark that in the general case, the
elements of inner_loop[] are of type D, but in this case,
the only element of D that is required is the variable rec[].
In the case where the variables are linear and every cell is
modified in the inner loop, we cannot reduce the complexity
of the loop nest. However, the summarized loop abstracts all
the unnecessary information that the inner loop has com-
puted. This will become more apparent in the next section,
where the unfoldings of the function on symbolic inputs
need to be inspected. In this example, the elements of rec
that were column sums of prefix sums are summarized as
simple column sums. In the symbolic execution, we reduce
the amount of information in the cells from quadratic to
linear.
9.2 Lifting
The first attempt at synthesizing a join will fail for this ex-
ample since the summarized loop cannot be parallelized. We
need to lift the summarized function to a homomorphism
((III) in Figure 11), if possible. The codomain of the sum-
marized function hmtls is D = int[] × int before lifting. We
drop row_sum from the state, since it does not appear in the
summarized loop of Figure 5(b).
Normalization First, we compute the unfolding of hmtls
over an input σ • [a1, . . . ,ak ]. Each ai for 0 ≤ i ≤ is itself an
integer array of sizem. We denote the different projections of
hmtls (σ ) over the different parts of the codomain by rec(σ )
andmtl_rec(σ ).
Let us start with k = 1:
mtl_rec(σ • [a1]) = max(a1[m − 1] + rec(σ )[m − 1],
max(a1[m − 2] + rec(σ )[m − 2],
. . . ,
max(a1[0] + rec(σ )[0],
mtl_rec(σ )) . . .)))
We can visualize the expression as a tree:
Remark that this expression is inmax-recursive normal
form, and computable with a loop of sizem and it is already
in the shortest (max)-recursive normal form. This is not
(a) Expression tree after unfolding
(b) Normalized expression tree
Figure 16. Expression trees ofmtl_rec(σ • [a1,a2])
surprising, since we only unfolded the function on one line
of input.
The second unfolding will be computed with a loop of size
2m: we need a loop of sizem to computemtl_rec(σ • [a1])
andm additional iterations to compute the rest of the expres-
sion.
mtl_rec(σ • [a1,a2]) =
max(a1[m − 1] + a2[m − 1] + rec(σ )[m − 1],
max(a1[m − 2] + a2[m − 1] + rec(σ )[m − 2],
. . . ,
max(a1[0] + a2[0] + rec(σ )[0],
mtl_rec(σ • [a1])) . . .)))
Remark that the expression is already inmax-normal form,
since each subexpression (of the form a1[j]+a2[j]+rec(σ )[j])
ora1[j]+rec(σ )[j])) is in constant normal form. However, this
normal form does not represent a computationally efficient
parallel join, since for an arbitrary k we would need km
iterations, which is not acceptable under Proposition 6.1 (the
join would be O(mn) for n lines of input). However, we can
normalize the expression to a shorter normal form. We write
the expression tree in Figure 16(a).
Some terms in this expression tree can be factored together
using the associativity of max to reorganize the tree, and
the factorization rulemax(a + b,a + c) → a +max(b, c). For
example, the two expressions linked by the double arrow
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can be factored together:max(rec(σ )[0] + a1[0], rec(σ )[0] +
a1[0] + a2[0]) = rec[0] +max(a1[0],a1[0] + a2[0]). This rule
decreases the number of occurrences of state variables (the
rec[j]) and is applied during the first phase of the normal-
ization process. We can apply the same rule for allm pairs
of subexpressions and this yields the expression in Figure
16(b).
No rewrite rule can be applied to this expression in the
first phase, but the above is not in constant normal form.
When starting the second phase, themax operator is picked
and the matching expression cost is (0,m + 1). The max-
recursive normal form uses m + 1 max operators, and is
computable using a loop of sizem and one additional state-
ment. Each of the subexpressions under the tree spine of
max operators is in constant normal form: it is either only a
state variable (mtl_rec(σ )) or an expression that has the root
operator + and on one side, the state variablemtl_rec(σ )[j]
and on the other side the input-only dependent expression
max(a1[j],a1[j] + a2[j]), for 0 ≤ j < m. The second phase
concludes immediately, and returns the expressions inmax-
recursive normal form.
Remark that this generalizes to any unfolding k (as seen in
Section 8). We will have amax-recursive normal form with
a spine of lengthm + 1, and the constant normal forms ec [j]
that have input and state variables will be:
ec [j] =mtl_rec(σ )[j]+max(a1[j],a1[j] + a2[j], . . . ,
k∑
l=1
al [j])
Recursion discovery In the next step, we want to extract
the information that needs to be computed in the threads
for the join from the expression in normal form. We de-
note the expressions that consitute this information by uk =
πD′ ◦ ˆhmtls D
′
([a1, . . . ,ak ]). In the expression tree, it corre-
sponds to the blue input dependent expression in each of the
constant normal forms. For any unfolding k > 0 we have:
uk =
{
max(a1[j],a1[j] + a2[j], . . . ,
k∑
i=1
ai [j]) | 0 ≤ j < m
}
We have collected uk and now need to discover a recur-
sive function that can compute them. The codomain of the
function needs to be extended. Since in this case uk is an
integer collection of sizem, we extend the codomain by an
array of integers D ′ = int[]. We have to discover an operator
⊞ : D ′ × int[] → D ′ such that uk+1 = uk ⊞ak+1. To do so, we
look for subtree isomorphisms (or, subexpression relations)
between the elements of uk and the elements of uk+1.
For any j ∈ [0..m] the following equality defines a family
of subtree isomorphisms for each pair uk+1[j],uk [j]:
uk+1[j] =max(uk [j],
k+1∑
i=1
ak [j])
This is not sufficient yet, since the sum term needs to be
computed in non-constant time. But this sum is already part
of the computation we are lifting, we have:
rec([a1, . . . ,ak ,ak+1])[j] =
k+1∑
i=1
ak [j]
The operator of the lifting ⊞ can in use parts of the exist-
ing function. In this case, themax_rec auxiliary is created,
defined by:
max_rec = zip(max) rec max_rec
Which concludes our description of the lifting. A description
of the last step in the parallelization process, the join synthe-
sis ((I) in Figure 11), has already been included as part of the
example developed in Section 7.
10 Experimental Evaluation
Implementation Our methodology is implemented as an
addition to our existing too ParSynt from [12]. We em-
ploy a new incremental approach to synthesizing the join
to mitigate the large search problem. The state of the loop
is partitioned into substates, and the join is synthesized for
each substate separately, while preserving correctness. All
synthesis times improve as a result of this strategy, but the
complex ones improve more substantially; for example, for
maximum top-left subarray, the synthesis time is reduced
from over 1000 to 116.3 seconds.
The main idea behind this optimization is that if a function
h : Sn → D is homomorphic, then any projection of h over
a domain D ′ ⊂ D will be homomorphic, if the projection is
well defined. The projection on D ′ is well defined if there is
no variable in D ′ that depends on a variable in D \ D ′. We
first define a sequence of sets D1 ⊂ D2 ⊂ · · · ⊂ D such that
the projection of h over the Di are well defined.
Then, we start by solving the synthesis problem for h pro-
jected on D1. We continue to πD2 ◦ h. But at this point, we
can use the solution of the previous problem to solve part
of the current problem. Intuitively, only the part concerning
the variables in D2 \ D1 needs to be dealt with. We go on
incrementally with the next projections, and finally with h.
10.1 Evaluation
To the best of our knowledge, there is no tool or technique
that can parallelize the class of programs considered in this
paper, and therefore, our evaluation of ParSynt is not com-
parative. The theoretical results presented in this paper jus-
tify many of the choices made in our proposed methodology.
There are two key parts of the algorithmic modules, however,
that require empirical evaluation: (1) The effectiveness of
the heuristics proposed in Section 8 for lifting; the (neces-
sarily) incomplete algorithm has no theoretical guarantees
for success. And, (2) the efficiency of SyGuS-based solution
for parallel join generation and loop summarization; since it
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Summarization time 1.2 1.3 1.1 1.2 1.2 1.5 4.6 1.2 1.2 1.2 1.6 1.4 30.2 1.4 5.3 6.2 2.5 1.3 1.3 1.3 1.3 2.1 2.4 1.4 54.9 1.3 2.3
# Aux required - 1 - - - - - - 1 2 - 1 1 1 1* 1* 2 2 - 1 2 - - - - - ✗
Join synthesis time 2.3 1.1 1.1 1.1 2.5 2.3 5.4 6.1 11.8 64.1 11.2 116.3 216.2 313.5 8.1 † 10.5 2.6 3.3 2.5 7.1 52.3 11.2 22.7 4.0 11.5 1.5 ✗
Table 1. Experimental results for performance of ParSynt . Times are in seconds. “–” indicates that lifting was not required. Hardware:
desktop with 8G RAM and Intel dual core m3-6Y30. The starred numbers of the middle row correspond to auxiliaries for amemoryless lift, and
otherwise for a homomorphism lift. †: time reported is spent by the solver to answer unsat, since the summarized loop is not parallelizable.
is impossible to predict synthesis times for the search-based
routine.
Benchmarks. We use a diverse set of benchmarks, where
some implement highly non-trivial single-pass algorithms.
Since a standard set of benchmarks for this problem space
does not exist, we included any example we could find in
the related work and parallel programming/algorithms text
books, but only those that admit a divide-and-conquer solu-
tion according to Definition 6.2. Table 1 includes a complete
list. It is important to note that the difficulty of an instance is
not directly co-related with code size or the classic notions
of dependence such as sparsity of dependencies. Rather, it
depends on how complex the required added computation
is.
The code of the benchmarks is available at https://github.
com/victornicolet/parsynt-pldi19-benchmarks.
Performance of ParSynt . Table 1 presents the times spent
in the two steps summarized loop and parallel join gener-
ation. The synthesis time have been measured on a laptop
with an dual core Intel Core m3-6Y30 CPU and 6 Gb RAM
running 64-bit Ubuntu 16.04. Our goal is to provide an imple-
mentation that can synthesize the parallel implementation
of a sequential algorithm in reasonable time, and much faster
than a programmer. It is not aimed at being integrated in a
compiler, but rather in a programmer-aid tool.
We do not report the individual times for liftings, since
they are negligible compared to the synthesis times; largest
lifting time was 12ms (3 orders of magnitude less than small-
est synthesis times).
Table 1 reports how many auxiliary accumulators were
discovered during the lifting. To get a sense of how signifi-
cant the syntactic restrictions based on the weak inverse are,
consider as an example that synthesizing a join for bench-
mark max top stripwithout them would take 12.1 seconds.
Moreover, using a straightforward syntax-guided synthesis
scheme (instead of deductive style algorithm of Section 8), it
took over 40 minutes to find the auxiliary for mbbs which is
arguably the simplest instance that requires lifting.
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Figure 17. Speedups relative to the sequential implementation.
Hardware: 8 eight-core Intel X6550 processors (64 cores total) and
256G of RAM running 64-bit Ubuntu
Quality of the Synthesized Code. A divide-and-conquer
parallelization, in the style of this paper, is data parallel
program with no inter-thread dependencies, and therefore,
reasonable parallelization speedups are expected. We imple-
mented our produced parallel solutions using Intel’s Thread
Building Blocks (TBB) [33] as well as OpenMP, to measure
the speedups over the sequential variations. TBB turned out
to produce better performing parallel programs. Speedups
for four instances (one from each category) at 16 threads are
compared below.
max bot strip mbbs mode bp
OpenMP 11.0 8.6 11.0 7.8
TBB 12.7 10.7 11.5 8.9
Figure 17 illustrates the TBB speedups for up to 32 cores.
In the experiments, the size of the input arrays is about
2bn elements and the grain size is set at 50k. We used gcc
7.3.0 to compile the parallelized benchmarks. On average,
the speedups are close to linear on the number of cores
up to around 32 cores. Speedup is measured by dividing
the running time of the parallel implementation with the
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running time of the sequential implementation without aux-
iliaries. Therefore, the speedup reported for 0 is always 1,
and the speedup for 1 core is the parallel implementation
with auxiliaries running on a single thread (which explains
the inflexion of the curve at the beginning of the graph). The
examples with smaller speedups over larger number of cores
are those that have a more complex parallel join operator; in
particular, those with looped joins. It is also known [9] that
the overhead of TBB increases with more cores and becomes
very significant at 32 cores.
Correctness. Rosette performs bounded verification for
the solutions it generates. To have correctness over all in-
puts, we use the same scheme as [12] to produce correctness
proofs verified through Dafny [27]. The majority of the pro-
grams were verified using the same proof generation scheme
as [12]. However, the bold benchmarks in the table required
additional simple and generic lemmas that lift standard al-
gebraic identities over integers to those over sequences of
integers; for example, ®x +max(®y, ®z) = max(®x + ®y, ®x + ®z).
11 Discussion and Future Work
Input Programs. Theoretically, our approach admits any
program that can be semantically translated to a nested sys-
tem of recurrence equations. In this model, each loop is a
system of recurrence equations nested in the correspond-
ing system for its surrounding loop. This is in contrast to
other widely used models like System of Affine Recurrence
Equations (SARE) [41], designed to track dependencies, that
represent the loop nest as a flat system of equations associ-
ated with an iteration domain. The only strict limitation for
our input programs is that the input should not be modified
by the program. More details on our input model can be
found in [? ].
Limitations. Not all loop nests admit an efficient divide-
and-conquer parallel solution with a syntactic divide opera-
tor that is the inverse of concatenation; for example, quick
sort is a divide-and-conquer solution with a non-trivial di-
vide operation whereas merge sort is a divide-and-conquer
solution with a divide that is inverse of concatenation. Syn-
thesis of non-trivial divide operators is an interesting topic
of research for future work.
The dynamic programming instances considered in Bell-
mania [22] also do not admit an efficient parallelization ac-
cording to Definition 6.2. Bellmania uses tiling (a different
divide) and a necessary scheduling of dependent tiles to cor-
rectly parallelize dynamic programming code. The produced
code, however, is not fully data parallel in the manner result-
ing frommanufacturing homomorphisms. A homomorphism
can be executed in parallel without the need for scheduling.
LCS (longest common substring), a dynamic programming
algorithm, can be rewritten to admit an efficient paralleliza-
tion (according to Definition 6.2). We used ParSynt on the
modified code, which failed to parallelize it. This is due to the
fact that the auxiliary accumulators required for its lifting
are conditional, and therefore fall beyond the reach of the
heuristics of recursion discovery currently implemented in
ParSynt . To sum up, within the class of programs that do
admit efficient parallelizations (as defined in Definition 6.2),
the limitations of ParSynt are mainly due to the heuristic
natures of the implementations of the normalization and re-
cursion discovery methods. For more complex computations,
one can imagine that limitations of SyGuS solvers can play
a role in not discovery a join that theoretically exists.
Predictability. Due to the semantic nature of our approach,
one cannot predict parallelizability of a loop nest based on
any of its syntactic properties. Since parallelizability is equiv-
alent to the computation being semantically a homomor-
phism (or liftable to one), the only way to know if a loop nest
is parallelizable is to try to parallelize it. In fact, a negative
is quite hard to prove as the proof of Theorem 6.8 indicates.
Future work. The focus of this paper (and its predeces-
sor [12]) has been on synthesizing homomorphisms which
have fixed simple divide operations. An interesting direc-
tion for future research would be solutions for synthesizing
non-trivial divide operations. Note that with the join and
(potentially) the lifting being unknown, this adds one more
unknown dimension to the problem which can make it sub-
stantially more difficult/interesting to solve.
12 Related Work
There is a vast body of literature on parallelizing code. We
review only the closely related work to our approach here.
Homomorphisms for Parallelization Our work is most
closely related to those that exploit homomorphisms for par-
allelization [17? ], and builds up on our recent work [12],
where sequence (list) homomorphisms are automatically
synthesized to parallelize simple (non-nested) loops. This
paper is a highly non-trivial generalization of the work in
[12] to arbitrarily nested loops. Less recent attempts in us-
ing derivation of list homomorphisms for parallelization
included methods based on the third homomorphism the-
orem [15, 17? ], function composition [14], and quantifier
elimination [29], as well as those based on recurrence equa-
tions [4]. These techniques are either not fully automatic, or
rely on additional guidance from the programmer beyond
the input sequential code.
Simple Loop Parallelization More recently in [36], sym-
bolic execution is used to identify and break dependencies
in loops that are hard to parallelize. This approach can be re-
garded as a dynamic counterpart to that of [12], and its scope
is similarly limited to simple loops. In distributed computing,
a related vein of research has been focused on automatic
production of map/reduce programs, for example, by means
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of specific rewrite rules [35] or synthesis [39]. GraSSP [13]
parallelizes a sequential implementation by analyzing data
dependencies and its scope is functions over lists. The (con-
stant sized) prefix information used in [13] is essentially a
special case of the auxiliary accumulators in [12].
Program Synthesis for Parallel Code Generation In
this paper, the specification for synthesis is the sequential in-
put program, and no other information (such as input/output
examples or a sketch) is required from the programmer. Syn-
thesis techniques have been leveraged for parallel programs
before, instances of which include synthesis of distributed
map/reduce programs from input/output examples [39] and
optimization and parallelization of stencils [23]. Aside from
the use of synthesis, these problem areas and the solutions
have little in common with the scope and approach in this
paper. Bellmania [22] synthesizes divide-and-conquer vari-
ations of a class of dynamic programming algorithms with
programmer’s guidance and the notion of divide-and-conquer
(with a fixed divide) in this paper differs from the one that
Bellmania uses.
Parallelizing Compilers and Runtime Environments
Automatic parallelization in compilers has been a prolific
and highly effective field of research, with source-to-source
compilers using highly sophisticated methods to parallelize
generic code [2, 7, 20, 32] or more specialized nested loops
with polyhedral optimization [3, 8, 42, 43]. There is a body of
work specific to reductions and parallel-prefix computations
[5, 21, 26] that deals with dependencies that cannot be bro-
ken. In contrast to correct source-to-source transformation
achieved through provably correct program transformation
rules, the aim of this paper is to use search (in the style
of synthesis), which facilitates the discovery of equivalent
parallel implementations that are not reachable through a
pre-established set of correct transformation rules. There
is work in the literature on breaking static dependencies at
runtime [34] based on the observation that actual runtime
dependencies happen rarely in some sparse problems. The
scope of applicability of our method is different and we con-
sider these techniques to be complementary. In [6], a static
two-phase solution is proposed that resolves dependencies
in the first phase, and can proceed to perform independent
parallel tasks in the second. We view the approach in this
paper as complimentary to these techniques.
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